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Abstract 
In 2014, the researcher “Cuneyt Cevik” studied two types of continuity of functions in vector 
metric spaces, namely, vectorial and topological continuous functions. Cevik concluded several 
important relations and theorems in vector metric space, such as Extension Theorem and 
Uniform Limit theorem.  
In this thesis, I studied and developed the Cuneyt Cevik’s work [3], so I concluded and found 
out many relations. In fact, we proved the Extension Theorem holds for the case of vectorial 
uniformly continuous instead of a topological uniformly continuous as “Cuneyt Cevik “  
proved. Also, we proved the uniform limit theorem for the case of vectorially uniformly 
continuous and topological continuous.    
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Introduction 
 
In [4], a vector metric space is defined with a distance map having values in a Riesz space, and 
some results in metric space theory are generalized to vector metric space theory. In this thesis, 
we used the Riesz space as a tool for studying the continuity of vector valued functions, for 
more information about Riesz spaces see [2, 5, 7]. Actually, the study of metric spaces having 
value on a vector space has started by Zabrejko in [6]. The distance map in the sense of Zabrejko 
takes values from an ordered vector space. We use the structure of lattice with the vector metrics 
having values in Riesz spaces; then we have new results. 
The outline of the thesis is as follows 
In Chapter one a general introduction about Riesz space, vector metric space and two types of 
continuity on vector metric space is presented. This chapter distinguishes continuities 
vectorially and topologically. Moreover, vectorial continuity examples are given and the 
relationship between vectorial continuity of a function and its graph demonstrated. 
In Chapter two equivalent vector metrics, vectorial isometry, vectorial homeomorphism 
definitions, and examples are given. 
In Chapter three uniform continuity was discussed, some extension theorems for functions 
defined on vector metric spaces are given, uniform limit theorem on a vector metric space is 
given, and the structure of vectorial continuous function spaces is demonstrated. 
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Chapter one 
Vector Metric Spaces 
 In this chapter we will introduce the concepts of Riesz space, order convergent, vector metric 
spaces, E-convergent, topological continuous and vectorial continuous spaces and also some 
related concepts. 
1.1 Riesz Space 
In order to define the concept of vector metric space we need to define the Riesz space. To do 
this, we first define an ordered relation and an ordered vector space.   
Definition 1.1.1 
Let E be a vector space over the real number R, an ordered relation is a partially ordered relation 
≼ which satisfies the following condition if ݔ, ݕ, ݖ ∈ ܧ, ߣ ∈ ܴ, ߣ ൒ 0, then                                                
 ݔ ൅ ݖ ≼ ݕ ൅ ݖ  and ߣݔ ≼ ߣݕ	whenever	ݔ ≼ ݕ. 
The vector space E over R with an ordered relation ≼ on ܧ is called an ordered vector space. 
The following examples explain what we mean by an ordered vector space 
Example 1.1.2 
Let ܴ  be the set of real numbers and consider ܴ  as a vector space over itself (with usual addition 
and scalar multiplication), then ܴ	with usual partially ordering	൑, is an ordered vector space. 
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Example 1.1.3 
Consider ܯ ൌ ቄቂܽ ܾܿ ݀ቃ : ܽ, ܾ, ܿ, ݀ ∈ ܴቅ as a vector space over ܴ (with usual addition and scalar 
multiplications in matrices). Define ≼ on M by ܣ ≼ ܤ if and only if ݐݎܽܿሺܣሻ ൑ ݐݎܽܿሺܤሻ, then 
ሺܯ,≼ሻ is an ordered vector space, since                 
 ݐݎܽܿሺܣ ൅ ܥሻ ൌ ݐݎܽܿሺܣሻ ൅ ݐݎܽܿሺܥሻ and ݐݎܽܿሺߣܣሻ ൌ ߣ	ݐݎܽܿሺܣሻ. 
Next, we define a Riesz space. 
Definition 1.1.4 
Let ܧ be a vector space over	ܴ, then E is said to be Riesz Space if it is an ordered vector space 
and for each pair of elements in ܧ it has a supremum or infimum in ܧ. 
The vector spaces defined in Example 1.1.2, 1.1.3 are Riesz spaces. 
Now we will introduce several definitions in order to define order convergent and order Cauchy. 
Not that a set ܧ is bounded if it is bounded from both above and below. Also, we write 
 ܽ௡ ↓ ܽ if ሺܽ௡ሻ	is decreasing sequence in ܧ	such that ݂݅݊ ܽ௡ ൌ ܽ. 
Definition 1.1.5  
Let ܧ be a Riesz space. ܧ	is called Archimedean if  ௔௡ ↓ 0, ∀ܽ ∈ ܧା where                              
  ܧା ൌ ሼݔ ∈ ܧ: ݔ ൒ 0ሽ. Clearly, for all ܽ ∈ ܴା and ௔௡ ↓ 0, ܴ is Archimedean. 
Moreover, we want to define Dedekind complete and Dedekind σ-complete. 
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Definition 1.1.6 
Let ܧ be a Riesz space, ܧ is called Dedekind complete if every nonempty bounded above subset 
of E has a supremum in ܧ. 
Recall that in ܴ , every nonempty bounded above subset has a supremum in ܴ  (complete axiom). 
Therefore, R	is Dedekind complete. 
Definition 1.1.7 
Let E be a riesz space, ܧ is called Dedekind ߪ- complete if every nonempty countable bounded 
above subset of ܧ has a supremum in ܧ. 
Let ܧ be a Dedekind complete, if A is a nonempty countable bounded above subset of ܧ, then 
A is bounded above in ܧ, so by Definition1.1.6, A has a supremum, which implies that ܧ is 
Dedekind ߪ-complete. In fact we proved the following theorem. 
Theorem 1.1.8                                                                                                                           
Every Dedekind complete is Dedekind σ-complete. 
The convers of the last theorem is not true since we can find an example which is Dedekind       
ߪ-complete but not Dedekind complete. 
Example 1.1.9 
Let ܧ be the Riesz space of all real bounded functions on ሾ0,1ሿ such that ݂ሺݔሻ ് ݂ሺ0ሻ holds for 
at most countably many ݔ, with pointwise ordering defined as  
 ሺ ଵ݂, ଵ݃ሻ ൑ ሺ ଶ݂, ݃ଶሻ if and only if ଵ݂ ൑ ଶ݂ and ଵ݃ ൑ ݃ଶ for ሺ ଵ݂, ଵ݃ሻ and ሺ ଶ݂, ݃ଶሻ ∈ ሾ0,1ሿ                                      
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If 0 ൑ ܷ௡ ൑ ܸ holds for the sequence ሺܷ௡ሻ in ܧ, then supܷ௡ exists in ܧ, so ܧ is Dedekind ߪ-
complete.                                                                                                                                                              
 Let ܣ ൌ ሼ݈݈ܽ	݂ݑ݊ܿݐ݅݋݊	݂ ∈ ܧ	ݒܽ݊݅ݏ݄݅݊݃	݋݊	 ቂ0, ଵଶቃሽ and                                                             
 	ܣௗ ൌ ሼ݈݈ܽ	݂ݑ݊ܿݐ݅݋݊	݂ ∈ ܧ	ݒܽ݊݅ݏ݄݅݊݃	݋݊	 ቂଵଶ , 1ቃሽ. So every ݂ ∈ ܣ⨁ܣௗ satisfies ݂ ሺ0ሻ ൌ 0, so 
ܣ⨁ܣௗ ് ܧ, so ܧ does not have the projection property. But we know from theorem12.3 in [1]                    
“ Every Dedekind complete has the projection property ”  
Not that if we let ܧ be a Riesz Space, then the supremum element denoted by ݔ⋁ݕ defined by  
ݔ⋁ݕ ൌ sup	ሼݔ, ݕሽ ∀ݔ, ݕ ∈ ܧ. 
Definition 1.1.10  
Let E be a riesz space.                                                                                                                     
 (a) A sequence ሺܾ௡) in ܧ is said to be o-convergent (or order convergent) to b if there is a 
sequence (a୬) in E such that ܽ௡ ↓ 0 and |ܾ௡ െ ܾ| ൑ ܽ௡ for all ݊. 
(denoted by ( ܾ௡ ௢→ܾሻሻ	where |ܽ|: ൌ ܽ⋁ሺെܽሻ	for any a ∈ E. 
(b) A sequence (ܾ௡ሻ	in ܧ	is said to be o-Cauchy if there exists a sequence (ܽ௡) in E	such that  
ܽ௡ ↓ 0	and หb୬ െ b୬ା୮ห ൑ a୬		∀݊, ݌ ∈ ܰ.                                                                                   
(c) The Riesz space E is said to be o-complete if every o-Cauchy sequence is o- convergent. 
Now we will introduce many concepts on operator function T	between two Riesz spaces in 
order to prove that every σ-order continuous operator T is bounded. 
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Definition 1.1.11 
 The operator ܶ: ܧ → ܨ between two Riesz spaces is positive if ܶሺݔሻ ൒ 0 for all ݔ ൒ 0. 
Definition1.1.12  
(a)  Let ሺܧ, ≼ሻ be a Riesz space and let ݔ, ݕ ∈ ܧ, then the order interval ሾݔ, ݕሿ is the set 
 ሼݖ ∈ ܧ ∶ ݔ ൑ ݖ ൑ ݕሽ  
(b) The operator ܶ: ܧ → ܨ between two Riesz spaces is order bounded if it maps bounded 
subsets of E to bounded subsets of ܨ. 
Definition 1.1.13 
 The operator T is called σ-order continuous if  ݔ௡ ௢→ 0 in E implies ܶሺݔ௡ሻ ௢→ 0 in	F. 
Theorem 1.1.14 [3] 
 Every σ-order continuous operator is order bounded. 
Proof: 
 Let ܶ: ܧ → ܨ be an σ-order continuous operator and let ݔ ∈ ܧା. If we consider the order 
bounded interval ሾ0, ݔሿ ⊆ ܧ and let ሼݔ௡ሽ be a sequence in ሾ0, ݔሿ such that	ݔ௡ ௢→ 0, then since ܶ 
is σ-order continuous operator,	ܶሺݔ௡ሻ ௢→ 0. So, there is a sequence ሺy୬ሻ in F such that |Tx୬| ൑
y୬and ݕ௡ ↓ 0. Hence, ܶሾ0, ݔሿ is an order bounded subsets of F. Thus ܶ is order bounded	∎ 
Definition 1.1.15 
 Let E and F are Riesz Space. The operator ܶ: ܧ → ܨ is said to be lattice homomorphism if 
ܶሺݔ⋁ݕሻ ൌ ܶሺݔሻ⋁ܶሺݕሻ for all ݔ, ݕ ∈ ܧ.  
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Example 1.1.16 
Consider the Riesz space ܴା (with addition and scalar multiplication defined by  
ݔ ൅ ݕ ൌ ݔ ൈ ݕ	 and ݇ݔ ൌ ݔ௞). Define ܶ: ܴା → ܴ by ܶሺݔሻ ൌ ݔଶ and 	ݔ⋁ݕ ൌ ݏݑ݌ሼݔ, ݕሽ then ܶ 
is a lattice homomorphism. To prove it we consider two cases as follows 
Case1:                                                                                                                                             
if  ݔ ൒ ݕ then ܶሺݔ⋁ݕሻ ൌ ܶሺݔሻ ൌ ݔଶ and 	ܶሺݔሻ⋁ܶሺݕሻ ൌ ݏݑ݌ሼݔଶ, ݕଶሽ ൌ ݔଶ. 
Case2:                                                                                                                                                                
if ݔ ൑ ݕ then ܶሺݔ⋁ݕሻ ൌ ܶሺݕሻ ൌ ݕଶ and ܶሺݔሻ⋁ܶሺݕሻ ൌ ݏݑ݌ሼݔଶ, ݕଶሽ ൌ ݕଶ. 
Hence, T is lattice homomorphism.    
1.2 Convergence in Vector Metric Spaces 
In this section we show the type of convergent in vector metric space and present the properties 
between them. 
Definition 1.2.1 
Let	ܺ be a nonempty set and let ܧ be a Riesz space. The function ݀ : ܺ ൈ ܺ → ܧ, which satisfies 
the following condition                                                                                                                                 
(VM1) ݀ሺݔ, ݕሻ ൌ 0	if and only if ݔ ൌ ݕ 
(VM2)	݀ሺݔ, ݕሻ ൑ ݀ሺݔ, ݖሻ ൅ ݀ሺݕ, ݖሻ, ∀ݔ, ݕ, ݖ ∈ ܺ is said to be vector metric (or ܧ-metric). The 
triple (ܺ, ݀, ܧሻ is called vector metric space.  
Not that, the vector metric function defined in the previous definition have many properties, 
which is for all ݔ, ݕ	 ∈ ܺ,  ݀ሺݔ, ݕሻ ൒ 0 and ݀ሺݔ, ݕሻ ൌ ݀ሺݕ, ݔሻ. 
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Next we present some examples of vector metric spaces                                      
Example 1.2.2 
 (a) ARiesz space E is a vector metric space with ݀: ܧ ൈ ܧ → ܧ defined by 
dሺx, yሻ ൌ |x െ y| 
Since it satisfies the condition of definition 1.2.1 as follow 
 ݀ሺݔ, ݕሻ ൌ |ݔ െ ݕ| ൌ 0 if and only if ݔ െ ݕ ൌ 0 if and only if ݔ ൌ ݕ and 
 ݀ሺݔ, ݕሻ ൌ |ݔ െ ݕ| ൌ |ݔ െ ݖ ൅ ݖ െ ݕ| ൑ |ݔ െ ݖ| ൅ |ݖ െ ݕ| ൌ ݀ሺݔ, ݖሻ ൅ ݀ሺݖ, ݕሻ 
This vector metric is called the absolute valued metric on E.  
(b) The space ܴଶ is a Riesz space with coordinatwise ordering defined by 
ሺݔଵ, ݕଵሻ ൑ ሺݔଶ, ݕଶሻ if and only if ݔଵ ൑ ݔଶ and ݕଵ ൑ ݕଶ for ሺݔଵ, ݕଵሻ and ሺݔଶ, ݕଶሻ ∈ ܴଶ. To show 
that, let ݔ ൌ ሺݔଵ, ݔଶሻ, ݕ ൌ ሺݕଵ, ݕଶሻ and ݖ ൌ ሺݖଵ, ݖଶሻ, then 
ሺ1ሻ If ݔ ൑ ݕ, then ݔଵ ൑ ݕଵ and ݔଶ ൑ ݕଶ. For ݖଵ, ݖଶ ∈ ܴ, we have 
 ݔଵ ൅ ݖଵ ൑ ݕଵ ൅ ݖଵ and ݔଶ ൅ ݖଶ ൑ ݕଶ ൅ ݖଶ……………………………ሺ⋆ሻ 
but ݔ ൅ ݖ ൌ ሺݔଵ ൅ ݖଵ, ݔଶ ൅ ݖଶሻ and ݕ ൅ ݖ ൌ ሺݕଵ ൅ ݖଵ, ݕଶ ൅ ݖଶሻ. 
So, from ሺ⋆ሻ we have ݔ ൅ ݖ ൑ ݕ ൅ ݖ. 
(2) If ݔ ൑ ݕ and ߣ ∈ ܴ, ߣ ൒ 0, then ݔଵ ൑ ݔଶ and ݕଵ ൑ ݕଶ and so ߣݔଵ ൑ ߣݔଶ and ߣݕଵ ൑ ߣݕଶ and 
so ߣݔ ൑ ߣݕ. 
Now, let ݔ, ݕ ∈ ܴଶ where ൌ ሺݔଵ, ݕଵሻ	and ሺݔଶ, ݕଶሻ, then ݔଵ, ݔଶ, ݕଵ, ݕଶ ∈ ܴ and we have foure 
cases: 
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Case (1): If ݔଵ ൑ ݕଵ and ݔଶ ൑ ݕଶ, then ݔ ൏ ݕ and supሼݔ, ݕሽ ൌ ݕ ∈ ܴଶ. 
Case (2): If ݔଵ ൑ ݕଵ and ݔଶ ൒ ݕଶ, then supሼݔ, ݕሽ ൌ ሺݕଵ, ݔଶሻ ∈ ܴଶ. 
Case (3): If ݔଵ ൒ ݕଵ and ݔଶ ൑ ݕଶ, then supሼݔ, ݕሽ ൌ ሺݔଵ, ݕଶሻ ∈ ܴଶ. 
Case (4): If ݔଵ ൒ ݕଵ and ݔଶ ൒ ݕଶ, then ݔ ൐ ݕ and supሼݔ, ݕሽ ൌ ݔ ∈ ܴଶ. 
So in all cases, the supremum belong to ܴଶ. 
Hence, ܴଶ is Riesz Space. 
Also ܴଶ is a Riesz space with coordinatewise defined by 
  ሺݔଵ, ݕଵሻ ൑ ሺݔଶ, ݕଶሻ if and only if ݔଵ ൏ ݔଶ or ݔଵ ൌ ݔଶ ,ݕଵ ൑ ݕଶ.                         
Therefore  ݀: ܴଶ ൈ ܴଶ → ܴଶ defined by  
݀൫ሺݔଵ, ݕଵሻ, ሺݔଶ, ݕଶሻ൯ ൌ ሺߙ|ݔଵ െ ݕଵ|, ߚ|ݔଶ െ ݕଶ|ሻ                                                           
is a vector metric, where ߙ and  ߚ are positive real numbers. 
Proof: Want to show that ݀൫ሺݔଵ, ݕଵሻ, ሺݔଶ, ݕଶሻ൯ satisfies (VM1) and (VM2) 
݀൫ሺݔଵ, ݕଵሻ, ሺݔଶ, ݕଶሻ൯ ൌ ሺߙ|ݔଵ െ ݕଵ|, ߚ|ݔଶ െ ݕଶ|ሻ ൌ ሺ0,0ሻ if and only if ߙ|ݔଵ െ ݕଵ| ൌ 0 and 
ߚ|ݔଶ െ ݕଶ| ൌ 0, but ߙ, ߚ are positive so |ݔଵ െ ݕଵ| ൌ 0 and |ݔଶ െ ݕଶ| ൌ 0 which implies ݔଵ ൌ
ݔଶ and ݕଵ ൌ ݕଶ and 
   ݀൫ሺݔଵ, ݕଵሻ, ሺݔଶ, ݕଶሻ൯ ൌ ሺߙ|ݔଵ െ ݕଵ|, ߚ|ݔଶ െ ݕଶ|ሻ 
	ൌ ሺߙ|ݔଵ െ ݖଵ ൅ ݖଵ െ ݕଵ|, ߚ|ݔଶ െ ݖଶ ൅ ݖଶ െ ݕଶ|ሻ 
൑ ሺߙ|ݔଵ െ ݖଵ| ൅ ߙ|ݖଵ െ ݕଵ|, ߚ|ݔଶ െ ݖଶ| ൅ ߚ|ݖଶ െ ݕଶ|ሻ 
	൑ ሺߙ|ݔଵ െ ݖଵ|, ߚ|ݔଶ െ ݖଶ|ሻ ൅ ሺߙ|ݖଵ െ ݕଵ|, ߚ|ݖଶ െ ݕଶ|ሻ 
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	ൌ ݀൫ሺݔଵ, ݖଵሻ, ሺݔଶ, ݖଶሻ൯ ൅ ݀൫ሺݖଵ, ݕଵሻ, ሺݖଶ, ݕଶሻ൯ 
(c) Let ݀: ܴ ൈ ܴ → ܴଶ defined by 
݀ሺݔ, ݕሻ ൌ ሺߙ|ݔ െ ݕ|, ߚ|ݔ െ ݕ|ሻ, where ߙ, ߚ ൒ 0 and ߙ ൅ ߚ ൐ 0. Then ݀  is a vector metric with 
coordinatewise. 
Proof : Want to show that ݀ሺݔ, ݕሻ satisfies (VM1) and (VM2) 
݀ሺݔ, ݕሻ ൌ ሺߙ|ݔ െ ݕ|, ߚ|ݔ െ ݕ|ሻ ൌ ሺ0,0ሻ if and only if ߙ|ݔ െ ݕ| ൌ 0 and ߚ|ݔ െ ݕ| ൌ 0, but 
ߙ, ߚ are positive not both zero, so |ݔ െ ݕ| ൌ 0 if and only if ݔ െ ݕ ൌ 0 if and only if ݔ ൌ ݕ. 
݀ሺݔ, ݕሻ ൌ ሺߙ|ݔ െ ݕ|, ߚ|ݔ െ ݕ|ሻ ൌ ሺߙ|ݔ െ ݖ ൅ ݖ െ ݕ|, ߚ|ݔ െ ݓ ൅ ݓ െ ݕ|ሻ 
																																								൑ ሺߙ|ݔ െ ݖ| ൅ ߙ|ݖ െ ݕ|, ߚ|ݔ െ ݓ| ൅ ߚ|ݓ െ ݕ|ሻ 
																																											൑ ሺߙ|ݔ െ ݖ|, ߚ|ݔ െ ݓ|ሻ ൅ ሺߙ|ݖ െ ݕ|, ߚ|ݓ െ|ሻ 
																																										ൌ ݀൫ሺݔଵ, ݖଵሻ, ሺݔଶ, ݖଶሻ൯ ൅ ݀൫ሺݖଵ, ݕଵሻ, ሺݖଶ, ݕଶሻ൯ 
In the rest of this section, we introduce ܧ-convergent, ܧ- Cauchy, ܧ-complet, ܧ-bounded and 
prove some relations between them.   
Definition 1.2.3 
Let ሺܺ, ݀, ܧሻ be a vector metric space. 
  (a) A sequence ሺݔ௡) in X is vectorially convergent (or is E-convergent)  to some ݔ ∈ ܺ, if there 
is a sequence (ܽ௡ሻ	in	ܧ such that ܽ௡ ↓ 0 and ݀ሺݔ௡, ݔሻ ൑ ܽ௡ ∀݊, denoted by ݔ௡ ௗ,ாሱሮݔ. 
  (b) A sequence ሺݔ௡) in X is called E-Cauchy  whenever there exists a sequence (a୬ሻ	in	E such 
that ܽ௡ ↓ 0 and ݀ሺݔ௡, ݔ௡ା௣ሻ ൑ ܽ௡, ∀݊, ݌. 
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  (c) The vector metric space X is called E-Complete if each E-Cauchy sequence in X is E-
convergent to a limit in X. 
  (d) The set ܺ is said to be ܧ-bounded if there exists an element ܽ ൐ 0 in ܧ such that       
݀ሺݔ, ݕሻ ൑ ܽ for ݔ and ݕ in ܺ. 
  (e)  A subset ܷ of vector metric space ሺܺ, ݀, ܧሻ is called E-closed if for any sequence       
ሺݔ௡ሻ ⊆ ܷ such that ݔ௡ ௗ,ாሱሮ ݔ then	ݔ ∈ ܷ. 
  (f) A subset ܻ of ܺ is called ܧ-dense whenever for every ݔ ∈ ܺ there exists a sequence ሺݔ௡ሻ 
in ܻ satisfying ݔ௡ ௗ,ாሱሮ ݔ. 
Theorem 1.2.4 [4] 
For the vector metric space	ሺܺ, ݀, ܧሻ the following properties hold: 
(a) Every	ܧ-convergent sequence is an ܧ-Cauchy sequence.  
 (b) Every ܧ-Cauchy sequence is ܧ-bounded. 
 (c) If an ܧ-Cauchy sequence ሺݔ௡ሻ has a subsequence ൫ݔ௡ೖ൯ such that ݔ௡ೖ
ௗ,ாሱሮ ݔ then	ݔ௡ ௗ,ாሱሮ ݔ.                         
(d) If ሺݔ௡ሻ and ሺݕ௡ሻ are ܧ-Cauchy sequence, then ሺ݀ሺݔ௡, ݕ௡ሻሻ is an ݋-Cauchy.                                           
 Proof: 
 (a) Let ሺݔ௡ሻ be a sequence in ܺ such that ݔ௡ ௗ,ாሱሮݔ. Want to show that ሺݔ௡ሻ is ܧ-Cauchy in ܺ. 
Since there exists a sequence ሺܽ௡ሻ in ܧ such that ܽ௡ ↓ 0 and ݀ሺݔ௡, ݔሻ ൑ ௔೙ଶ 		∀݊, then 
݀൫ݔ௡, ݔ௡ା௣൯ ൑ ݀ሺݔ௡, ݔሻ ൅ ݀൫ݔ௡ା௣, ݔ൯ ൑ ௔೙ଶ ൅
௔೙
ଶ ൑ ܽ௡ for all ݊	and ݌, then ሺݔ௡ሻ	is an ܧ-
Cauchy sequence in	ܺ. 
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(b) Let ሺݔ௡ሻ be an ܧ-Cauchy sequence in ܺ. Want to show that ሺݔ௡ሻ is ܧ-bounded, that is there 
exist an element ܽ ൐ 0 in ܧ such that ݀ ሺݔ௡, ݔ௠ሻ ൑ ܽ, ∀݊,݉ ∈ ܰ. Since ሺݔ௡ሻ is ܧ-Cauchy then 
there exists a sequence ሺܽ௡ሻ in ܧ such that ܽ௡ ↓ 0 and ݀ሺݔ௡, ݔ௡ା௣ሻ ൑ ܽ௡ for all ݊ and ݌. Now, 
let ݉ ൐ ݊, then let ݌ ൌ ݉ െ ݊, so ݉ ൌ ݊ ൅ ݌ and ݀ ሺݔ௡, ݔ௠ሻ ൌ ݀൫ݔ௡, ݔ௡ା௣൯ ൑ ܽ௡		∀݊,݉ ∈ ܰ. 
But ܽ௡ ↓ 0 so ܽଵ ൐ ܽ௡		∀݊ ൒ 1.                       
Therefore, let ܽ ൌ ܽଵ, then we have ݀ሺݔ௡, ݔ௠ሻ ൏ ܽ				∀݊,݉ ∈ ܰ 
  (c) Let ሺݔ௡ሻ be an ܧ-Cauchy sequence and let ൫ݔ௡ೖ൯ be a subsequence of ሺݔ௡ሻ such that     
 ݔ௡ೖ
ௗ,ாሱሮ ݔ in ܺ. Want to find ܿ௡ ↓ 0 such that ݀ሺݔ௡, ݔሻ ൑ ܿ௡. Since ሺݔ௡ሻ is ܧ-Cauchy, then  
there exist ܽ௡ ↓ 0 such that ݀൫ݔ௡, ݔ௡ା௣൯ ൑ ܽ௡, ∀݊, ݌ and since ݔ௡ೖ
ௗ,ாሱሮ ݔ, then there exist      
 ܾ௡ ↓ 0 such that ݀ሺݔ௡ೖ, ݔሻ ൑ ܾ௡. Now, ሺݔ௡, ݔሻ ൑ ݀൫ݔ௡, ݔ௡ೖ൯ ൅ ݀൫ݔ௡ೖ, ݔ൯ ൑ ܽ௡ ൅ ܾ௡.                         
Take ܿ௡ ൌ ܽ௡ ൅ ܾ௡, clearly, ܿ௡ ↓ 0 and ݀ሺݔ௡, ݔሻ ൑ ܿ௡,therefore, ݔ௡ ௗ,ாሱሮ ݔ. 
(d) Let ሺݔ௡ሻ and ሺݕ௡ሻ are ܧ-Cauchy sequence. Want to show that ሺ݀ሺݔ௡, ݕ௡ሻሻ is an  ݋-Cauchy. 
Since ሺݔ௡ሻ and ሺݕ௡ሻ are ܧ-Cauchy sequences, then there exist ܽ௡ ↓ 0 and ܾ௡ ↓ 0 in ܧ such that 
݀൫ݔ௡, ݔ௡ା௣൯ ൑ ܽ௡ and  ݀൫ݕ௡, ݕ௡ା௣൯ ൑ ܾ௡. Since                                    
d൫x୬ା୮, y୬ା୮൯ ൑ d൫x௡ା௣, x୬൯ ൅ dሺx୬, y୬ሻ ൅ dሺy୬, y୬ା୮ሻ, 
then                                                   
݀ሺݔ௡, ݕ௡ሻ െ ݀൫ݔ௡ା௣, ݕ௡ା௣൯ ൑ ݀൫ݔ௡, ݔ௡ା௣൯ ൅ ݀ሺݕ௡, ݕ௡ା௣ሻ 
and                                    
݀൫ݔ௡ା௣, ݕ௡ା௣൯ െ ݀ሺݔ௡, ݕ௡ሻ ൑ ݀൫ݔ௡ା௣, ݔ௡൯ ൅ ݀ሺݕ௡ା௣, ݕ௡ሻ. 
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So from the last two inequalities we get                                                                         
 ห݀ሺݔ௡, ݕ௡ሻ െ ݀ሺݔ௡ା௣, ݕ௡ା௣ሻห ൑ ݀൫ݔ௡, ݔ௡ା௣൯ ൅ ݀൫ݕ௡, ݕ௡ା௣൯ ൑ ܽ௡ ൅ ܾ௡ for all ݊ and ݌. 
Therefore, the sequence ሺ݀ሺݔ௡, ݕ௡ሻሻ is an ݋-Cauchy sequence in ܧ ∎ 
Example 1.2.5 
(1) If	ܧ ൌ ܴ, then the concepts of vectorial convergence and convergence in metric are the 
same. Since ݀ሺݔ, ݕሻ ൌ |ݔ െ ݕ|, for any ݔ, ݕ ∈ ܴ.  
For more details, if ݔ௡ ௗ,ாሱሮ ݔ, then there exist ܽ௡ in ܧ such that ݀ሺݔ௡, ݔሻ ൑ ܽ௡ and ܽ௡ ↓ 0. Now, 
if ߳ ൐ 0, then there exist ܰ such that ܽ௡ ൑∈, ∀݊ ൒ ܰ and so ݀ሺݔ௡, ݔሻ ൌ |ݔ௡ െ ݔ| ൏∈	, ∀݊ ൒
ܰ, which implies ሺݔ௡ሻ converge to ݔ. 
(2)  If ܧ ൌ ܴ, then the concepts of  E-Cauchy sequence and Cauchy sequence are the same. 
Since ݀ሺݔ, ݕሻ ൌ |ݔ െ ݕ|, for any ݔ, ݕ ∈ ܴ.  
For more details, let ሺݔ௡ሻ be ܧ-cauchy sequence, then there exist ܾ௡ in ܧ such that 
݀ሺݔ௡, ݔ௡ା௣ሻ ൑ ܾ௡ and ܾ௡ ↓ 0. Now, if ߳ ൐ 0, then there exist ܰ such that ܾ௡ ൑∈, ∀݊ ൒ ܰ and 
so ݀൫ݔ௡, ݔ௡ା௣൯ ൌ หݔ௡ െ ݔ௡ା௣ห ൏∈	, ∀݊, ݌ ൒ ܰ, which implies ሺݔ௡ሻ Cauchy sequence. 
1.3 Topological and Vectorial Continuity 
In this section, we study two types of continuity in a vector metric space and give many relations 
between them. Also present ߜ-double vector metric and ܧ ൈ ܨ-valued product vector metric.  
Definition 1.3.1 
Let ሺܺ, ݀ଵ, ܧሻ and (ܻ, ݀ଶ, ܨሻ be vector metric spaces, and let ݔ ∈ ܺ. 
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(a) A function ݂: ܺ → ܻ is said to be topologically continuous at x if for every ܾ ൐ 0 in F	there 
exists some a in E such that  ݀ଶ൫݂ሺݔሻ, ݂ሺݕሻ൯ ൏ ܾ whenever ݔ, y ∈ X	and ݀ଵሺݔ, ݕሻ ൏ ܽ.                         
(b) A function ݂: ܺ → ܻ is said to be vectorially continuous at x if  ݔ௡ ௗభ,ாሱۛሮݔ in ܺ implies 
݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ in Y. 
Theorem 1.3.2 [3]  
 Let ሺܺ, ݀ଵ, ܧሻ and (ܻ, ݀ଶ, ܨሻ be vector metric spaces where ܨ is Archimedean. If a function    
݂: ܺ → ܻ is topologically continuous, then ݂ is vectorially continuous.                                       
Proof:  
Let ሺݔ௡ሻ be a sequence in ܺ such that ݔ௡ ௗభ,ாሱۛሮ ݔ, then there is a sequence ܽ௡ in ܧ such that ܽ௡ ↓
0 and ݀ଵሺݔ௡, ݔሻ ൑ ܽ௡.  Let ܾ ൐ 0 in ܨ, since ݂ is a topological continuous at ݔ, then                                         
for n=1, there exists ܾଵ ൐ 0 in ܧ such that ݀ଵሺݔ, ݔଵሻ ൏ ܾଵ implies ݀ଶሺ݂ሺݔሻ, ݂ሺݔଵሻሻ ൏ ܾ                         
for n=2, there exists ܾଶ ൐ 0 in ܧ such that ݀ଵሺݔ, ݔଶሻ ൏ ܾଶ implies ݀ଶሺ݂ሺݔሻ, ݂ሺݔଶሻሻ ൏ ௕ଶ                        
if we continue in this manner we get                                                                                                
for ݊ ൌ ݇, there exists ܾ௞ ൐ 0,  in ܧ such that ݀ଵሺݔ, ݔ௞ሻ ൏ ܾ௞ implies ݀ଶሺ݂ሺݔሻ, ݂ሺݔ௞ሻሻ ൏ ௕௞                      
Take ܿ௞ ൌ ܽ௞⋀ܾ௞ in E such that if ݀ଵሺݔ௞, ݔሻ ൑ ܿ௞ ൑ ܾ௞, then ݀ଶ൫݂ሺݔ௞ሻ, ݂ሺݔሻ൯ ൏ ௕௞. But since 
F is Archimedean, then ௕௞ ↓ 0, so if ݀௞ ൌ
௕
௞, then ݀ଶሺfሺx୩ሻ, fሺxሻሻ ൏ ݀௞ and ݀௞ ↓ 0.                         
That is ݂ሺݔ௞ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ, so ݂ is vectorial continuous at ݔ ∎ 
The following corollary summarize some of the nice characterization of vectorially continuous 
functions.   
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Corollary 1.3.3 
For a function ݂: ܺ → ܻ between two vector metric spaces (ܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ the 
following statements hold for a sequence ሺݔ௡ሻ in ܧ and ݔ ∈ ܧ.                        
(a) If F is Dedekind σ-complete, f is vectorially continuous and	݀ଵሺݔ௡, ݔሻ ↓ 0, then 
݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ↓ 0.                                                                                                                                    
 (b) If E is Dedekind σ-complete and ݀ଵሺݔ௡, ݔሻ ↓ 0 implies ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ↓ 0, then the 
function f is vectorially continuous.  
(c) Suppose that ܧ and ܨ are Dedekind σ-complete. Then the function f is vectorially continuous 
if and only if dଵሺx୬, xሻ ↓ 0 implies	݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ↓ 0                                            
Proof: 
 (a) Let ሺݔ௡ሻ be a sequence in ܧ such that ݀ଵሺݔ௡, ݔሻ ↓ 0, from definition of ܧ- convergent, then 
ݔ௡ ௗభ,ாሱۛሮ ݔ. Want to prove that ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ↓ 0.                                                                                
Since f is a vectorially continuous, then ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ, and so there exist ܾ௡ ↓ 0 such that 
݀ଶ൫݂ሺݔ௡ሻ, ݂ሺݔሻ൯ ൑ ܾ௡	∀݊. Since ሼ݀ଶ൫݂ሺݔ௡ሻ, ݂ሺݔሻ൯: ݊ ∈ ܰሽ is a non-empty countable bounded 
subset of ܨ and ܨ is Dedekind ߪ- complete then this set has a supermum in ܨ, but 
0 ൑ ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ൑ ܾ௡  ∀݊, by sandwich theorem ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ↓ 0.                                                     
(b) Let ݔ௡ be a sequence in X such that	ݔ௡ ௗభ,ாሱۛሮ ݔ, then there is a sequence ሺܽ௡ሻ in E such that 
ܽ௡ ↓ 0 and	݀ሺݔ௡, ݔሻ ൑ ܽ௡. Want to show that	݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ. Since ܧ	is Dedekind σ-
complete, then ݀ሺݔ௡, ݔሻ ↓ 0 hold, and ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ↓ 0 hold (by hypothesis), and so      
	݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ. 
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 (c) There is two sided to prove this part, one side get from the proof of part (a) and another side 
get from the proof of part (b) ∎  
Now, we will give an example  
Example 1.3.4 
Let ሺܺ, ݀, ܧሻ be a vector metric space and suppose	݀: ܺଶ → ܧ be a vector metric function.  
If ݔ௡ ௗ,ாሱሮݔ 	ܽ݊݀	ݕ௡ ௗ,ாሱሮݕ, then	݀ሺݔ௡, ݕ௡ሻ ௢→ ݀ሺݔ, ݕሻ and ݀ is vectorially continuous. 
Proof: Since ݔ௡ ௗ,ாሱሮݔ 	ܽ݊݀	ݕ௡ ௗ,ாሱሮݕ, then there exist ܽ௡ ↓ 0 and ܾ௡ ↓ 0 such that ݀ሺݔ௡, ݔሻ ൑ ܽ௡ 
and ݀ሺݕ௡, ݕሻ ൑ ܾ௡ implies |݀ሺݔ௡, ݕ௡ሻ െ ݀ሺݔ, ݕሻ| ൑ ݀ሺݔ௡, ݔሻ ൅ ݀ሺݕ௡, ݕሻ ൑ ܽ௡ ൅ ܾ௡.  
Let  ܿ௡ ൌ ܽ௡ ൅ ܾ௡,	then	ܿ௡ ↓ 0	and	|݀ሺݔ௡, ݕ௡ሻ െ ݀ሺݔ, ݕሻ| ൑ ܿ௡.	So	݀ሺݔ௡, ݕ௡ሻ ௢→ ݀ሺݔ, ݕሻ 
Therefore ݀ is vectorially continuous. 
  In this example ܺଶ is equipped with the ܧ-valued vector metric ሚ݀ defined by         
 ሚ݀ሺݖ, ݓሻ ൌ ݀ሺݔଵ, ݔଶሻ ൅ ݀ሺݕଵ, ݕଶሻ for all ݖ ൌ ሺݔଵ, ݕଵሻ, ݓ ൌ ሺݔଶ, ݕଶሻ ∈ ܺଶ and ܧ is equipped 
with the absolute valued vector metric |. |.  
Theorem 1.3.5 [3] 
 Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be vector metric spaces. If a function ݂: ܺ → ܻ is vectorially 
continuous, then for every ܨ-closed subset ܤ of ܻ the set ݂ିଵሺܤሻ is E-closed in X.                                            
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Proof:  
Let ሺݔ௡ሻ be a sequence in ݂ିଵሺܤሻ such that  ݔ௡ ௗభ,ாሱۛሮ ݔ. Want to show that ݔ ∈ ݂ିଵሺܤሻ. Since 
the function ݂ is vectorially continuous, ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ but the set B is F-closed, so 	݂ሺݔሻ ∈
ܤ, that is	ݔ ∈ ݂ିଵሺܤሻ. Therefore, the set ݂ିଵሺܤሻ is ܧ-closed ∎  
 Next, we present some results related to Riesz space. To this end note that if ܧ	and	ܨ	are two 
Riesz spaces, then ܧ ൈ ܨ is also Riesz space with coordinatewise ordering defined 
by                          
 ሺ݁ଵ, ଵ݂ሻ ൑ ሺ݁ଶ, ଶ݂ሻ ↔ ݁ଵ ൑ ݁ଶ, ଵ݂ ൑ ଶ݂  for all ሺ݁ଵ, ଵ݂ሻ, ሺ݁ଶ, ଶ݂ሻ ∈ ܧ ൈ ܨ.  
Further, the Riesz space E ൈ F is a vector metric space equipped with the biabsolute valued 
vector metric |. | defined as |ܽ െ ܾ| ൌ ሺ|݁ଵ െ ݁ଶ|, | ଵ݂ െ ଶ݂|ሻ for all ܽ ൌ ሺ݁ଵ, ଵ݂ሻ, ܾ ൌ ሺ݁ଶ, ଶ݂ሻ ∈
ܧ ൈ ܨ. To achieve our goal, first define ߜ-double vector metric and give some examples about 
vectorially continuous function.                                                                
Remark 1.3.6                                                                                                                                               
Let ݀ଵ and	݀ଶ be two vector metrics on ܺ which are ܧ-valued and ܨ-valued respectively. The 
map ߜ defined by ߜሺݔ, ݕሻ ൌ ሺ݀ଵሺݔ, ݕሻ, ݀ଶሺݔ, ݕሻሻ for all ݔ, ݕ ∈ ܺ is an ܧ ൈ ܨ-valued vector 
metric on X.  
Definition 1.3.7 
The ܧ ൈ ܨ-Falued vector metric given in the remark is called ߜ double vector metric.  
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Example 1.3.8                                                                                                                                                 
Let ሺܺ, ݀ଵ, ܧሻ and ሺܺ, ݀ଶ, ܨሻ are vector metric spaces and f ∶ X → E, ݃ ∶ ܺ → ܨ are vectorially 
continuous functions, then the function	݄: ܺ → ܧ ൈ ܨ defined by ݄ሺݔሻ ൌ ሺ݂ሺݔሻ, ݃ሺݔሻሻ for all 
x ∈ X is vectorially continuous with the double vector metric	δ and the biabsolute valued vector 
metric |. |. To show this, let ሺx୬ሻ be a sequence in X such that x୬ ఋ,ாൈிሱۛ ሮۛ x.  
Want to show that hሺx୬ሻ ௕௜,ாൈிሱۛ ۛۛ ሮ hሺxሻ.  
Now for some ሺܽ௡, ܾ௡ሻ in ܧ ൈ ܨ with ሺܽ௡, ܾ௡ሻ ↓ 0 we have 
 ߜሺݔ௡, ݔሻ ൌ ሺ݀ଵሺݔ௡, ݔሻ, ݀ଶሺݔ௡, ݔሻሻ ൑ ሺܽ௡, ܾ௡ሻ which implies 
 ݀ଵሺݔ௡, ݔሻ ൑ ܽ௡ and ݀ଶሺݔ௡, ݔሻ ൑ ܾ௡ with ܽ௡ ↓ 0 and ܾ௡ ↓ 0. 
Since f and g are vectorially continuous, then there exist ܿ௡ ↓ 0 and ݀௡ ↓ 0 such that 
|݂ሺݔ௡ሻ െ ݂ሺݔሻ| ൑ ܿ௡ and |݃ሺݔ௡ሻ െ ݃ሺݔሻ| ൑ ݀௡. Therefore 
 ሺ|݂ሺݔ௡ሻ െ ݂ሺݔሻ|, |݃ሺݔ௡ሻ െ ݃ሺݔሻ|ሻ ൑ ሺܿ௡, ݀௡ሻ. Let ݓ௡ ൌ ሺܿ௡, ݀௡ሻ, then ݓ௡ ↓ 0 and 
ሺ൫݂ሺݔ௡ሻ, ݃ሺݔ௡ሻ൯, ൫݂ሺݔሻ, ݃ሺݔሻ൯ሻ ൑ ݓ௡ 
Hence, hሺx୬ሻ ൌ ൫fሺx୬ሻ, gሺx୬ሻ൯ ௕௜,ாൈிሱۛ ۛۛ ሮ ൫fሺxሻ, gሺxሻ൯ ൌ hሺxሻ     
Therefore, h is vectorially continuous function. 
Let ሺX, dଵ, Eሻ and  ሺܻ, dଶ, Fሻ be vector metric spaces. Then X ൈ Y is a vector metric space 
equipped with the E ൈ F-valued product vector metric π defined by                                     
πሺz, wሻ ൌ ሺdଵሺxଵ, xଶሻ, dଶሺyଵ, yଶሻሻ for all	z ൌ ሺxଵ, yଵሻ,	w ൌ ሺxଶ, yଶሻ ∈ X ൈ Y 
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Corollary 1.3.9 [3] 
(a) If f ∶ ሺX, d, Eሻ → ሺY, η, Gሻ and g ∶ ሺX, ζ, Fሻ → ሺZ, ξ, Hሻ are vectorially contiuous 
functions, then the function h: X → Y ൈ Z defined by hሺxሻ ൌ ሺfሺxሻ, gሺyሻሻ for all x ∈ X is 
vectorially continuous with E ൈ F-valued double vector metric δ on ܺ and the G ൈ H-
valued product vector metric π on ܻ ൈ ܼ and the absolute valued vector metric |. |.   
(b) Let G be a Riesz space. If	f ∶ ሺX, dଵ, Eሻ → G	and g ∶ ሺY, dଶ, Fሻ → G are vectorially 
continuous functions, then the function	h: X ൈ Y → G defined by hሺx, yሻ ൌ |fሺxሻ െ gሺyሻ| 
for all   x ∈ X, y ∈ Y is vectorially continuous with E ൈ F-valued product vector metric 
π on ܺ ൈ ܻ and the absolute valued vector metric |. | on ܩ.                                                                      
        (c) If f: ሺX, d, Eሻ → ሺZ, η, Gሻ and g: ሺY, ζ, Fሻ → ሺW, ξ, Hሻ are vectorially continuous 
function, then the function	h: X ൈ Y → Z ൈW defined by hሺx, yሻ ൌ ሺfሺxሻ, gሺyሻሻ for all x ∈
X, y ∈ Y is vectorially continuous with the E ൈ F-valued and G ൈ H-valued product vector 
metrics on ܺ ൈ ܻ and ܼ ൈܹ respectively.                                                                 
Proof: 
 (a) Let ሺx୬ሻ be a sequence in X such that x୬ ఋ,୉ൈ୊ሱۛ ሮۛ x.                                                                   
Want to show that	hሺx୬ሻ ஠,ୋൈୌሱۛ ۛۛሮ hሺxሻ .                                                                                     
Since f and g are vectorially continuous, then fሺx୬ሻ ఎ,ீሱሮ fሺxሻ and gሺx୬ሻ క,ுሱሮ gሺxሻ 
implies൫fሺx୬ሻ, gሺx୬ሻ൯ ஠,ୋൈୌሱۛ ۛۛሮ ൫fሺxሻ, gሺxሻ൯ because 
Since fሺx୬ሻ ఎ,ீሱሮ fሺxሻ and gሺx୬ሻ క,ுሱሮ gሺxሻ, then there exist ܽ௡ ↓ 0 and ܾ௡ ↓ 0 such that 
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 ߟሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ൑ ܽ௡ and ߦሺ݃ሺݕ௡ሻ, ݃ሺݕሻሻ ൑ ܾ௡. Take ܿ௡ୀሺܽ௡, ܾ௡ሻ, clearly ܿ௡ ↓ 0 and 
ߨ ቀ൫݂ሺݔ௡ሻ, ݂ሺݔሻ൯, ሺ݃ሺݔ௡ሻ, ݃ሺݔሻሻቁ ൌ ൫ߟሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ, ߦሺ݃ሺݕ௡ሻ, ݃ሺݕሻሻ൯ ൑ ሺܽ௡, ܾ௡ሻ ൌ ܿ௡. . 
Therefore hሺx୬ሻ ൌ ൫fሺx୬ሻ, gሺx୬ሻ൯ ஠,ୋൈୌሱۛ ۛۛሮ ൫fሺxሻ, gሺxሻ൯ ൌ hሺxሻ.   
Therefore, h is vectorially continuous function     
 (b) Let ሺx୬ሻ and ሺy୬ሻ be a sequence in X	and Y respectively such that  x୬ ௗభ,୉ሱۛሮ x and y୬ ௗమ,୊ሱۛሮ y. 
Want to show that hሺx୬, y୬ሻ ஠,୉ൈ୊ሱۛ ሮۛ hሺx, yሻ.    
since f and g are vectorially continuous function (fሺx୬ሻ
|.|,ீሱሮ fሺxሻ and gሺy୬ሻ
|.|,ீሱሮ gሺyሻሻ, then 
hሺx୬, y୬ሻ ൌ |fሺx୬ሻ െ gሺy୬ሻ| ஠,୉ൈ୊ሱۛ ሮۛ |fሺxሻ െ gሺyሻ| ൌ hሺx, yሻ  
Therefore, h is vectorially continuous function.  
(c) Let ሺx୬ሻ and ሺy୬ሻ be a sequence in X	and Y respectively such that x୬ ୢ,୉ሱሮ x and y୬ ஖,୊ሱሮ y.  
Want to show that hሺx୬, y୬ሻ ஠,ୋൈୌሱۛ ۛۛሮ hሺx, yሻ                                                                      
 Since f and g are vectorially continuous, then ݂ሺݔ௡ሻ ௗ,ீሱሮ݂ሺݔሻ and ݃ሺݕ௡ሻ ఍,ுሱሮ ݃ሺݔሻ.  
Hence hሺx୬, y୬ሻ ൌ ൫fሺx୬ሻ, gሺx୬ሻ൯ ஠,ୋൈୌሱۛ ۛۛሮ ൫fሺxሻ, gሺxሻ൯ ൌ hሺx, yሻ.   
Therefore, h is vectorially continuous function.  
Proposition 1.3.10  [3]  
Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be vector metric spaces and ሺz୬ሻ ൌ ሺx୬, y୬ሻ be a sequence in     
ሺX ൈ Y, π, E ൈ Fሻ and let z ൌ ሺx, yሻ ∈ X ൈ Y  
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then, z୬ ஠,୉ൈ୊ሱۛ ሮۛ z if and only if x୬ ୢభ,୉ሱۛሮ x and  y୬ ୢమ,୊ሱۛሮ y.                                                                                            
Proof:  
First, suppose ݖ௡ ஠,୉ൈ୊ሱۛ ሮۛ ݖ where ݖ௡ ൌ ሺݔ௡, ݕ௡ሻ, ݖ ൌ ሺݔ, ݕሻ in ܺ ൈ ܻ, then there exist ܽ௡ ↓ 0 such 
that ߨሺݖ௡, ݖሻ ൑ ܽ௡, ∀݊. But ܽ௡ ∈ ܧ ൈ ܨ, then ܽ௡ ൌ ሺܾ௡, ܿ௡ሻ. Since ܽ௡ ↓ 0, then clearly ܾ௡ ↓ 0 
and ܿ௡ ↓ 0 and                              
ߨሺݖ௡, ݖሻ ൌ ൫݀ଵሺݔ௡, ݔሻ, ݀ଶሺݕ௡, ݕሻ൯ ൑ ሺܾ௡, ܿ௡ሻ, ∀݊. Hence ݀ଵሺݔ௡, ݔሻ ൑ ܾ௡, ݀ଶሺݕ௡, ݕሻ ൑ ܿ௡	∀݊. 
Thus, ݔ௡ ௗభ,ாሱۛሮ ݔ and ݕ௡ ௗమ,ிሱۛሮ ݕ.                                                   
Conversely, suppose ݔ௡ ௗభ,ாሱۛሮ ݔ and ݕ௡ ௗమ,ிሱۛሮ ݕ. Want to show that ݖ௡ గ,ாൈிሱۛ ۛሮ ݖ. Since ݔ௡ ௗభ,ாሱۛሮ ݔ and   
ݕ௡ ௗమ,ிሱۛሮ ݕ, then there exist ܽ௡ ↓ 0 and ܾ௡ ↓ 0 such that ݀ଵሺݔ௡, ݔሻ ൑ ܽ௡ and ݀ଵሺݕ௡, ݕሻ ൑ ܾ௡.    
Take ܿ௡ୀሺܽ௡, ܾ௡ሻ, clearly ܿ௡ ↓ 0 and ߨሺݖ௡, ݖሻ ൌ ൫݀ଵሺݔ௡, ݔሻ, ݀ଶሺݕ௡, ݕሻ൯ ൑ ሺܽ௡, ܾ௡ሻ ൌ ܿ௡ . 
Therefore, ݖ௡ గ,ாൈிሱۛ ۛሮ ݖ	∎ 
In the next corollary, we show the relation between vectorially continuous function and its 
graph 
Corollary 1.3.11 [3] 
Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be vector metric spaces and let ݂: ܺ → ܻ be a function. Then for 
the graph ܩ௙ of ݂ the following statements are hold.                                                                              
(a) The graph ܩ௙ is ܧ ൈ ܨ-closed in ሺܺ ൈ ܻ, ߨ, ܧ ൈ ܨሻ if and only if for every sequence (ݔ௡) 
with ݔ௡ ௗభ,ாሱۛሮ ݔ and ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݕ we have ݕ ൌ ݂ሺݔሻ. 
(b) If the function ݂ is vectorially continuous then the graph ܩ௙ is ܧ ൈ ܨ-closed. 
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(c) If the function ݂ is vectorially continuous at ݔ଴ ∈ ܺ then the induced function ݄: ܺ → ܩ௙ 
defined by ݄ሺݔሻ ൌ ሺݔ, ݂ሺݔሻሻ is vectorially continuous at ݔ଴ ∈ ܺ.                                                                        
Proof:  
(a) The proof of this part contains two sides.                                                                                
⇒ሻ	Suppose the graph ܩ௙ is ܧ ൈ ܨ-closed. If ݔ௡ ௗభ,ாሱۛሮ ݔ and ݂ሺݔ௡ሻ ௗమ,ிሱۛሮݕ then we have    
൫ݔ௡, ݂ሺݔ௡ሻ൯ గ,ாൈிሱۛ ۛሮ ሺݔ, ݕሻ by proposition 1.3.10, but ܩ௙ is closed,  
so ሺݔ, ݕሻ ∈ ܩ௙ and so 	ݕ ൌ ݂ሺݔሻ. 
⇐) Let ݕ ൌ ݂ሺݔሻ and ሺݖ௡ሻ ൌ ሺݔ௡. ݂ሺݔ௡ሻሻ be a sequence in ܩ௙ such that                                             
	ݖ௡ గ,ாൈிሱۛ ۛሮ ݖ ൌ ሺݔ, ݕሻ ∈ ܺ ൈ ܻ. Want to show that	ݖ ∈ ܩ௙. By proposition 1.3.10, ݔ௡ ௗభ,ாሱۛሮ ݔ 
and	݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݕ, so ݕ ൌ ݂ሺݔሻ (that’s mean	ݖ ൌ ሺݔ, ݂ሺݔሻሻ ∈ ܩ௙ሻ.      
(b) Let ݖ௡ ൌ ሺݔ௡, ݕ௡ሻ be a sequence in ܩ௙ such that ݖ௡ ൌ ሺݔ௡, ݕ௡ሻ గ,ாൈிሱۛ ۛሮ ݖ ൌ ሺݔ, ݕሻ. Want to 
show that ݖ ∈ ܩ௙. By proposition 1.3.10,  ݔ௡ ௗభ,ாሱۛሮ ݔ and ݕ௡ ௗమ,ிሱۛሮ ݕ  but ݂  is vectorially continuous, 
so ݂ሺݔ௡ሻ → ݂ሺݔሻ and ݂ሺݕ௡ሻ → ݂ሺݕሻ and thus ሺ݂ሺݔ௡ሻ, ݂ሺݕ௡ሻሻ → ሺ݂ሺݔሻ, ݂ሺݕሻሻ           
so, ሺሺݔ௡, ݕ௡ሻ, ሺ݂ሺݔ௡ሻ, ݂ሺݕ௡ሻሻ → ሺሺݔ, ݕሻ, ൫݂ሺݔሻ, ݂ሺݕሻ൯ሻ and so	ݖ ൌ ሺݔ, ݕሻ ∈ ܩ௙. 
Therefore ܩ௙ is ܧ ൈ ܨ-closed.    
(c) Let ሺݔ௡ሻ be a sequence in ܺ such that	ݔ௡ ௗభ,ாሱۛሮ ݔ଴	. Want to show that	݄ሺݔ௡ሻ గ,ாൈிሱۛ ۛሮ ݄ሺݔ଴ሻ .                         
݄ሺݔ௡ሻ ൌ ൫ݔ௡, ݂ሺݔ௡ሻ൯ గ,ாൈிሱۛ ۛሮ ൫ݔ଴, ݂ሺݔ଴ሻ൯ ൌ ݄ሺݔ଴ሻ, since ݂ is vectorially continuous. Therefore 
݄ሺݔ௡ሻ గ,ாൈிሱۛ ۛሮ ݄ሺݔ଴ሻ and so ݄ is vectorially continuous at	ݔ଴.    
23 
 
Chapter Two 
Fundamental vector valued function classes 
In this chapter, we will present the concept of ሺܧ, ܨሻ-equivalent, vector isometry and vector 
homeomorphism. Also, we prove many theorems that give the relation between these concepts.  
2.1 Equivalent vector metrics 
Definition 2.1.1 
Let ݀ଵ and ݀ଶ be ܧ-valued vector metric and ܨ-valued vector metric respectively on ܺ, then ݀ଵ 
and ݀ଶ are called ሺܧ, ܨሻ-equivalent if for any ݔ ∈ ܺ and any sequence ሺݔ௡ሻ in ܺ, ݔ௡ ௗభ,ாሱۛሮ ݔ iff  
ݔ௡ ௗమ,ிሱۛሮ ݔ. 
Lemma 2.1.2 [3] 
For any two ܧ-valued vector metric ݀ଵ and ܨ-valued vector metric ݀ଶ on ܺ, the following 
statements are equivalent                                                                                                                                     
(a) There exist some ߙ, ߚ ൐ 0 in ܴ such that ߙ݀ଵሺݔ, ݕሻ ൑ ݀ଶሺݔ, ݕሻ ൑ ߚ݀ଵሺݔ, ݕሻ for all ݔ, ݕ ∈
ܺ.                                                                                                                                                         
(b) There exist two positive and ߪ-order continuous operators ܶ : ܧ → ܧ and  ܵ : ܧ → ܧ such that 
݀ଶሺݔ, ݕሻ ൑ ܶሺ݀ଵሺݔ, ݕሻሻ and ݀ଵሺݔ, ݕሻ ൑ ܵሺ݀ଶሺݔ, ݕሻሻ for all ݔ, ݕ ∈ ܺ. 
Proof: 
 First we will prove that if (a) holds then (b) holds. From (a) there is ߙ, ߚ ൐ 0. Define   
ܶ: ܧ → ܧ and ܵ: ܧ → ܧ by ܶሺܽሻ ൌ ߚܽ and ܵሺܽሻ ൌ ߙିଵܽ, for all ܽ ∈ ܧ. Since ߙ, ߚ ൐ 0, then 
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ܶሺܽሻ ൌ ߚܽ ൒ 0 and	ܵሺܽሻ ൌ ߙିଵܽ ൒ 0, ∀ܽ ൒ 0, so ܶ and ܵ are positive operators. Let ሺݔ௡ሻ be 
a sequence in ܧ such that ݔ௡ ௢→ 0. Since ߚݔ௡ ௢→0 and ߙିଵݔ ௢→ 0, then ܶሺݔ௡ሻ ௢→ 0 and         
ܵሺݔ௡ሻ ௢→ 0 and so ܶ and ܵ are ߪ- order continuous. From (a),                                          
݀ଶሺݔ, ݕሻ ൑ ߚ݀ଵሺݔ, ݕሻ ൌ ܶሺ݀ଵሺݔ, ݕሻሻ and ߙ݀ଵሺݔ, ݕሻ ൑ ݀ଶሺݔ, ݕሻ implies  
݀ଵሺݔ, ݕሻ ൑ ߙିଵ݀ଶሺݔ, ݕሻ ൌ ܵሺ݀ଶሺݔ, ݕሻሻ for all ݔ, ݕ ∈ ܺ and therefore we proved (b).                         
Conversely, suppose (b) holds. Let ܶ: ܧ → ܧ and ܵ: ܧ → ܧ be positive and ߪ-order continuous 
operators that satisfied part (b). By Theorem 1.1.14, ܶ and ܵ are order bounded operators and 
so there exists ߙ, ߚ ൐ 0 such that  
ܶሺ݀ଵሺݔ, ݕሻሻ ൑ ߚ݀ଵሺݔ, ݕሻ and ܵሺ݀ଶሺݔ, ݕሻሻ ൑ ሺ1/ߙሻ݀ଶሺݔ, ݕሻ. 
But  
݀ଶሺݔ, ݕሻ ൑ ܶሺ݀ଵሺݔ, ݕሻሻ ൑ ߚ݀ଵሺݔ, ݕሻ	 and ݀ଵሺݔ, ݕሻ ൑ ܵሺ݀ଶሺݔ, ݕሻሻ ൑ ሺ1/ߙሻ݀ଶሺݔ, ݕሻ, 
then  
݀ଶሺݔ, ݕሻ ൑ ߚ݀ଵሺݔ, ݕሻ and ߙ݀ଵሺݔ, ݕሻ ൑ ݀ଶሺݔ, ݕሻ. 
That is ߙ݀ଵሺݔ, ݕሻ ൑ ݀ଶሺݔ, ݕሻ ൑ ߚ݀ଵሺݔ, ݕሻ ∎ 
Theorem 2.1.3 [3] 
Let ݀ଵ and ݀ଶ be ܧ-valued vector metric and ܨ-valued vector metric respectively on ܺ, then ݀ଵ 
and ݀ଶ are ሺܧ, ܨሻ-equivalent if there exist two positive and ߪ-order continuous operators      
ܶ: ܧ → ܨ and ܵ: ܨ → ܧ such that ݀ଶሺݔ, ݕሻ ൑ ܶሺ݀ଵሺݔ, ݕሻሻ and ݀ଵሺݔ, ݕሻ ൑ ܵሺ݀ଶሺݔ, ݕሻሻ for all 
ݔ, ݕ ∈ ܺ. 
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Proof: 
 Let ሺݔ௡ሻ be a sequence such that ݔ௡ ௗభ,ாሱۛሮ ݔ, then there exist a sequenceሺܽ௡ሻ in ܧ such that  
ሺܽ௡ሻ ↓ 0 and ݀ଵሺݔ௡, ݔሻ ൑ ܽ௡. Want to show that ݔ௡ ௗమ,ிሱۛሮ ݔ. Since there exist two positive and 
ߪ-order continuous operators ܶ: ܧ → ܨ and ܵ: ܨ → ܧ such that ݀ଶሺݔ, ݕሻ ൑ ܶሺ݀ଵሺݔ, ݕሻሻ and         
݀ଵሺݔ, ݕሻ ൑ ܵሺ݀ଶሺݔ, ݕሻሻ for all ݔ, ݕ ∈ ܺ, then part (a) of lemma 2.1.2 hold. So, there is ߚ ൐ 0 
such that ݀ଶሺݔ௡, ݔሻ ൑ ߚ݀ଵሺݔ௡, ݔሻ ൑ ߚܽ௡ for all n. Let ܾ௡ ൌ ߚܽ௡ then ܾ௡ ↓ 0 and      
	dଶሺx୬, xሻ ൑ b୬. So ݔ௡ ௗమ,ிሱۛሮ ݔ. Conversely, let ሺݔ௡ሻ be a sequence such that ݔ௡ ௗమ,ிሱۛሮ ݔ, then there 
exist a sequence ܾ௡ such that ሺܾ௡ሻ ↓ 0 and ݀ଶሺݔ௡, ݔሻ ൑ ܾ௡ . Want to show that ݔ௡ ௗభ,ாሱۛሮ ݔ. Since 
there is ߙ ൐ 0 such that ߙ݀ଵሺݔ௡, ݔሻ ൑ ݀ଶሺݔ௡, ݔሻ ൑ ܾ௡, let ܽ௡ ൌ ߙିଵܾ௡, then ሺܽ௡ሻ ↓ 0 and 
݀ଵሺݔ௡, ݔሻ ൑ ܽ௡, so ݔ௡ ௗభ,ாሱۛሮ ݔ. Therefore, ܧ-valued vector metric ݀ଵ and ܨ-valued vector metric 
݀ଶ on ܺ are ሺܧ, ܨሻ-equivalent ∎  
Now, we will give an example. 
Example 2.1.4 
Suppose that the ordered of ܴଶ is coordinatewise                                                                               
(a) Let ݀ଵ and ݀ଶ be ܴ-valued and ܴଶ-valued vector metrics on ܴ, respectively defined by 
݀ଵሺݔ, ݕሻ ൌ ܽ|ݔ െ ݕ|, ݀ଶሺݔ, ݕሻ ൌ ሺܾ|ݔ െ ݕ|, ܿ|ݔ െ ݕ|ሻ where ܽ, ܾ, ܿ ൐ 0. Consider the two 
operators ܶ: ܴ → ܴଶ and ܵ: ܴଶ → ܴ where’s defined by ܶሺݔሻ ൌ ܽିଵሺܾݔ, ܿݔሻ and            
ܵሺݔ, ݕሻ ൌ ܾܽିଵݔ for all ݔ, ݕ ∈ ܴ. Then the metrics ݀ଵand ݀ଶ are ሺܴ, ܴଶሻ-equivalent on ܴ since 
the operators ܶ and ܵ are positive operators (since for all ݔ, ݕ ൒ 0, ܶሺݔሻ, ܵሺݔ, ݕሻ ൒ 0ሻ, also let 
ݔ௡ and ݕ௡ be sequences such that ݔ௡ ௢→ ݔ and ݕ௡ ௢→ ݕ, then 
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ܶሺݔ௡ሻ ൌ ܽିଵሺܾݔ௡, ܿݔ௡ሻ ௢→ ܽିଵሺܾݔ, ܿݔሻ ൌ ܶሺݔሻ and  ܵ ሺݔ௡, ݕ௡ሻ ൌ ܾܽିଵݔ௡ ௢→ ܾܽିଵݔ ൌ ܵሺݔ, ݕሻ, 
so ܶ and ܵ are ߪ-order continuous.                                  
In addition  
݀ଶሺݔ, ݕሻ ൌ ܽିଵሺܾ݀ଵሺݔ, ݕሻ, ܿ݀ଵሺݔ, ݕሻሻ ൌ ܶሺ݀ଵሺݔ, ݕሻሻ and  
ܵ൫݀ଶሺݔ, ݕሻ൯ ൌ ܵሺܾ|ݔ െ ݕ|, ܿ|ݔ െ ݕ|ሻ ൌ ܾܽିଵܾ|ݔ െ ݕ| ൌ ݀ଵሺݔ, ݕሻ.                                                     
So by Theorem 2.1.3, ݀ଵ and ݀ଶ are ሺܴ, ܴଶሻ-equivalent. 
(b) Let ݀ଵ and ݀ଶ be ܴ-valued and ܴଶ-valued vector metrics on	ܴଶ, respectively, defined by 
݀ଵሺݔ, ݕሻ ൌ ܽ|ݔଵ െ ݕଵ| ൅ ܾ|ݔଶ െ ݕଶ|,  ݀ଶሺݔ, ݕሻ ൌ ሺܿ|ݔଵ െ ݕଵ|, ݁|ݔଶ െ ݕଶ|ሻ 
where ൌ ሺݔଵ, ݔଶሻ , ݕ ൌ ሺݕଵ, ݕଶሻ and ܽ, ܾ, ܿ, ݁ ൐ 0. Let ܶ: ܴ → ܴଶ and ܵ: ܴଶ → ܴ be two 
operators defined as ܶሺݔሻ ൌ ሺܿܽିଵݔ, ܾ݁ିଵݔሻ and ܵሺݔ, ݕሻ ൌ ܽܿିଵݔ ൅ ܾ݁ିଵݕ. Then the vector 
metrics ݀ ଵand ݀ ଶ are ሺܴ, ܴଶሻ-equivalent on ܴ ଶ since the operators ܶ  and ܵ  are positive operators 
(since ܶሺݔሻ,ܵሺݔ, ݕሻ ൒ 0 for all ݔ, ݕ ൒ 0), also let ݔ௡ and ݕ௡ be a sequences such that                         
ݔ௡ ௢→ ݔ and ݕ௡ ௢→ ݕ, then ܶሺݔ௡ሻ ൌ ሺܿܽିଵݔ௡, ܾ݁ିଵݔ௡ሻ ௢→ ሺܿܽିଵݔ, ܾ݁ିଵݔሻ ൌ ܶሺݔሻ and                      
ܵሺݔ௡, ݕ௡ሻ ൌ ܽܿିଵݔ௡ ൅ ܾ݁ିଵݕ௡ ௢→ܽܿିଵݔ ൅ ܾ݁ିଵݕ ൌ ܵሺݔ, ݕሻ, so ܶ and ܵ are ߪ-order 
continuous. In addition, 
 ܶ൫݀ଵሺݔ, ݕሻ൯ ൌ ൫ܿܽିଵ݀ଵሺݔ, ݕሻ, ܾ݁ିଵ݀ଵሺݔ, ݕሻ൯ 
																								ൌ ሺܿܽିଵܽ|ݔଵ െ ݕଵ|, ܾ݁ିଵܾ|ݔଶ െ ݕଶ|ሻ ൌ ݀ଶሺݔ, ݕሻ  
and          ܵ൫݀ଵሺݔ, ݕሻ, ݀ଶሺݔ, ݕሻ൯ ൌ ܽܿିଵ݀ଵሺݔ, ݕሻ ൅ ܾ݁ିଵ݀ଶሺݔ, ݕሻ 
																																							ൌ ܽܿିଵܽ|ݔଵ െ ݕଵ| ൅ ܽܿିଵܾ|ݔଶ െ ݕଶ| ൅ ܾ݁ିଵܿ|ݔଵ െ ݕଵ| 
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																																																				൅ܾ݁ିଵ݁|ݔଶ െ ݕଶ| ൒ ܽ|ݔଵ െ ݕଵ| ൅ ܾ|ݔଶ െ ݕଶ| ൌ ݀ଵሺݔ, ݕሻ).                                   
So by theorem 2.1.3 ݀ଵ and ݀ଶ are ሺܴ, ܴଶሻ-equivalent. 
(c) Let ݀ଵ, ݀ଶ and ݀ଷ be ܴ-valued, ܴଶ-valued and ܴ-valued vector metrics on	ܴଶ respectively 
defined by ݀ଵሺݔ, ݕሻ ൌ ܽ|ݔଵ െ ݕଵ| ൅ ܾ|ݔଶ െ ݕଶ|, ݀ଶሺݔ, ݕሻ ൌ ሺܿ|ݔଵ െ ݕଵ|, ݁|ݔଶ െ ݕଶ|ሻ and 
݀ଷሺݔ, ݕሻ ൌ ݉ܽݔሼܽ|ݔଵ െ ݕଵ|, ܾ|ݔଶ െ ݕଶ|ሽ where ݔ ൌ ሺݔଵ, ݔଶሻ, ݕ ൌ ሺݕଵ, ݕଶሻ and ܽ, ܾ, ܿ, ݁ ൐ 0.   
Let ܶ: ܴ → ܴଶ and ܵ: ܴଶ → ܴ be two operators defined as ܶሺݔሻ ൌ ሺܿܽିଵݔ, ܾ݁ିଵݔሻ and                         
ܵሺݔ, ݕሻ ൌ ݉ܽݔሼܽܿିଵݔ, ܾ݁ିଵݕሽ, then the vector metrics ݀ ଷ and ݀ ଶ are ሺܴ, ܴଶሻ-equivalent on ܴ ଶ 
since ܶ and ܵ are positive (ܶሺݔሻ,ܵሺݔ, ݕሻ ൒ 0 for all ݔ, ݕ ൒ 0), also let ݔ௡ and ݕ௡ be sequences 
such that ݔ௡ ௢→ ݔ and ݕ௡ ௢→ ݕ, then                                                                      
ܶሺݔ௡ሻ ൌ ሺܿܽିଵݔ௡, ܾ݁ିଵݔ௡ሻ ௢→ ሺܿܽିଵݔ, ܾ݁ିଵݔሻ ൌ ܶሺݔሻ 
and                                       
ܵሺݔ௡, ݕ௡ሻ ൌ ݉ܽݔሼܽܿିଵݔ௡, ܾ݁ିଵݕ௡ሽ ௢→݉ܽݔሼܽܿିଵݔ, ܾ݁ିଵݕሽ ൌ ܵሺݔ, ݕሻ, 
so ܶ and ܵ are ߪ-order continuous. In addition there exist two cases                         
Case (1):  
If we take ݉ܽݔሼܽ|ݔଵ െ ݕଵ|, ܾ|ݔଶ െ ݕଶ|ሽ ൌ ܽ|ݔଵ െ ݕଵ|, then                            
	ܶ൫݀ଷሺݔ, ݕሻ൯ ൌ ൫ܿܽିଵ݀ଷሺݔ, ݕሻ, ܾ݁ିଵ݀ଷሺݔ, ݕሻ൯                                                                                       
																									ൌ ሺܿܽିଵሺ݉ܽݔሼܽ|ݔଵ െ ݕଵ|, ܾ|ݔଶ െ ݕଶ|ሽሻሻ, ܾ݁ିଵሺ݉ܽݔሼܽ|ݔଵ െ ݕଵ|, ܾ|ݔଶ െ ݕଶ|ሽሻሻ                         
																										ൌ ሺܿ|ݔଵ െ ݕଵ|, ܾ݁ିଵܽ|ݔଵ െ ݕଵ|ሻ ൒ ሺܿ|ݔଵ െ ݕଵ|, ݁|ݔଶ െ ݕଶ|ሻ ൌ ݀ଶሺݔ, ݕሻ.                                      
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Case (2):  
If we take ݉ܽݔሼܽ|ݔଵ െ ݕଵ|, ܾ|ݔଶ െ ݕଶ|ሽ ൌ ܾ|ݔଶ െ ݕଶ|, then                      
	ܶ൫݀ଷሺݔ, ݕሻ൯ ൌ ൫ܿܽିଵ݀ଷሺݔ, ݕሻ, ܾ݁ିଵ݀ଷሺݔ, ݕሻ൯                                                                                              
																									ൌ ሺܿܽିଵሺ݉ܽݔሼܽ|ݔଵ െ ݕଵ|, ܾ|ݔଶ െ ݕଶ|ሽሻሻ, ܾ݁ିଵሺ݉ܽݔሼܽ|ݔଵ െ ݕଵ|, ܾ|ݔଶ െ ݕଶ|ሽሻሻ                          
																										ൌ ሺሺܿܽିଵܾ|ݔଶ െ ݕଶ|, ݁|ݔଶ െ ݕଶ|ሻ ൒ ሺܿ|ݔଵ െ ݕଵ|, ݁|ݔଶ െ ݕଶ|ሻ ൌ ݀ଶሺݔ, ݕሻ and  
ܵ൫݀ଶሺݔ, ݕሻ൯ ൌ ݉ܽݔሼܽܿିଵܿ|ݔଵ െ ݕଵ|, ܾ݁ିଵ݁|ݔଶ െ ݕଶ|ሽ    
                       ൌ ݉ܽݔሼܽ|ݔଵ െ ݕଵ|, ܾ|ݔଶ െ ݕଶ|ሽ ൌ ݀ଷሺݔ, ݕሻ                                                            
So by theorem 2.1.3 ݀ଷ and ݀ଶ are ሺܴ, ܴଶሻ-equivalent.                          
Lemma 2.1.5  
Let ݀ଵ: ܺ ൈ ܺ → ܧ, ݀ଶ: ܺ ൈ ܺ → ܨ and ݀ଷ: ܻ ൈ ܻ → ܯ be vector metrics, where ݀ଵ and ݀ଶ are 
ሺܧ, ܨሻ-equivalent on ܺ, then ݂ ∶ ሺܺ, ݀ଵ, ܧሻ → ሺܻ, ݀ଷ,ܯሻ vectorially continuous if and only if 
݂: ሺܺ, ݀ଶ, ܨሻ → ሺܻ, ݀ଷ,ܯሻ is vectorially continuous. 
Proof: 
 There exist two folds to prove the lemma.                                                                                            
⟹ሻ Let ݔ௡ be a sequence such that ݔ௡ ௗమ,ிሱۛሮ ݔ then ݔ௡ ௗభ,ாሱۛሮ ݔ since ݀ ଵ and ݀ ଶ are ሺܧ, ܨሻ-equivalent 
on ܺ. But	݂: ሺܺ, ݀ଵ, ܧሻ → ሺܻ, ݀ଷ,ܯሻ is vectorially continuous so   ݂ሺݔ௡ሻ ௗయ,ெሱۛ ሮ ݂ሺݔሻ and so ݂ is 
vectorial continuous from ሺܺ, ݀ଶ, ܨሻ to ሺܻ, ݀ଷ,ܯሻ.                                                                            
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⇐ሻ	Let ݔ௡ be a sequence such that ݔ௡ ௗభ,ாሱۛሮݔ then ݔ௡ ௗమ,ிሱۛሮ ݔ, since ݀ ଵ and ݀ ଶ are ሺܧ, ܨሻ-equivalent 
on ܺ. But	݂: ሺܺ, ݀ଶ, ܨሻ → ሺܻ, ݀ଷ,ܯሻ is vectorially continuous so ݂ሺݔ௡ሻ ௗయ,ெሱۛ ሮ ݂ሺݔሻ and so ݂ is 
vectorial continuous from ሺܺ, ݀ଵ, ܧሻ to ሺܻ, ݀ଷ,ܯሻ	∎ 
2.2 Vector Isometry and vector homeomorphism 
In this section, we will define an isometry between two vector metric spaces  
Definition 2.2.1 
Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be vector metric spaces. A function ݂: ܺ → ܻ is said to be a vector 
isometry if there exists a linear operator ௙ܶ: ܧ → ܨ satisfying the following conditions:                
(I) ௙ܶ൫݀ଵሺݔ, ݕሻ൯ ൌ ݀ଶሺ݂ሺݔሻ, ݂ሺݕሻሻ for all ݔ, ݕ ∈ ܺ                                                                           
(II) ௙ܶሺܽሻ ൌ 0 implies ܽ ൌ 0 for all ܽ ∈ ܧ                                                                                               
If the function ݂ is onto, and the operator ௙ܶ is a lattice homomorphism then the vector metric 
spaces ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ௙ܶሺܧሻሻ are called vector isometric.  
Lemma 2.2.2 [3] 
Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be vector metric spaces. A vector isometry ݂ is one-to-one 
mapping. 
Proof: 
 Let	݂ሺݔሻ ൌ ݂ሺݕሻ, to show ݂ is one-to-one we must show ݔ ൌ ݕ. Since ݂ is a vector isometry, 
then there exist ௙ܶ such that ௙ܶ൫݀ଵሺݔ, ݕሻ൯ ൌ ݀ଶ൫݂ሺݔሻ, ݂ሺݕሻ൯ ൌ 0 so by Definition 2.2.1 
݀ଵሺݔ, ݕሻ ൌ 0 and so ݔ ൌ ݕ ∎ 
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Now, we will give an example 
Example 2.2.3 
Let ݀ଵ be ܴ-valued vector metric and let ݀ଶ be ܴଶ-valued vector metric on ܴ defined by 
݀ଵሺݔ, ݕሻ ൌ ܽ|ݔ െ ݕ|, ݀ଶሺݔ, ݕሻ ൌ ሺܾ|ݔ െ ݕ|, ܿ|ݔ െ ݕ|ሻ where ܾ, ܿ ൒ 0 and ܽ, ܾ ൅ ܿ ൐ 0. 
Consider the identity mapping ܫ: ܴ → ܴ defined by ሺݔሻ ൌ ݔ , ∀ݔ ∈ ܴ and the linear operator 
ூܶ : ܴ → ܴଶ defined by ூܶሺݔሻ ൌ ܽିଵሺܾݔ, ܿݔሻ for all ݔ ∈ ܴ. Then the identity mapping ܫ is a 
vector isometry since                                                                                                             
 ூܶ൫݀ଵሺݔ, ݕሻ൯ ൌ ܽିଵ൫ܾ݀ଵሺݔ, ݕሻ, ܿ݀ଵሺݔ, ݕሻ൯																																																																					 
                     ൌ ܽିଵሺܾܽ|ݔ െ ݕ|, ܿܽ|ݔ െ ݕ|ሻ 
																							ൌ ሺܾ|ݔ െ ݕ|, ܿ|ݔ െ ݕ|ሻ 
																								ൌ ݀ଶሺݔ, ݕሻ ൌ ݀ଶሺܫሺݔሻ, ܫሺݕሻሻ  
and ூܶሺݔሻ ൌ ܽିଵሺܾݔ, ܿݔሻ ൌ ሺ0,0ሻ implies ሺܾݔ, ܿݔሻ ൌ ሺ0,0ሻ for all ݔ ∈ ܴ, which implies that 
ܾݔ ൌ 0 and ܿݔ ൌ 0. Since ܾ and ܿ are not both zeros, then ݔ ൌ 0. 
Since ܫ is onto and ூܶ is lattice homomorphism, then the vector metric spaces ሺܴ, ݀ଵ, ܴሻ and 
ሺܴ, ݀ଶ, ሼሺݔ, ݕሻ: ܿݔ ൌ ܾݕ; ݔ, ݕ ∈ ܴሽ are vector isometric. 
Definition 2.2.4 
Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be vector metric spaces. A function ݂: ܺ → ܻ is said to be a vector 
homeomorphism if ݂ is one-to-one, vectorially continuous and has a vectorially continuous 
inverse on ݂ሺݔሻ. If the function ݂ is onto, then the vector metric spaces ܺ and ܻ are called 
vector homeomorphic.  
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Lemma 2.2.5 [3] 
Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be vector metric spaces. A vector homeomorphism ݂: ܺ → ܻ is 
one-to-one function that preserves vectorial convergence of sequences.  
Proof: 
 Let ݂: ܺ → ܻ be a vector homeomorphism, then by definition 2.2.4 ݂ is one-to-one. let ሺݔ௡ሻ be 
a sequence in ܺ such that ݔ௡ ௗభ,ாሱۛሮ ݔ. Want to show that	݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ. It is clear that is 
satisfied, since ݂ is vectorial continuous (from definition of homeomorphism) ∎   
The following theorem describe that an onto vector homeomorphism keeping the closed 
property 
Theorem 2.2.6 [3] 
An onto vector homeomorphism is one-to-one function that preserve vector closed sets. 
Proof: 
 Let ݂: ܺ → ܻ be an vector homeomorphism. Since ݂ is a one-to-one function and its inverse 
݂ିଵ is vectorially continuous then by Theorem1.3.5 for every ܧ-closed set ܣ in ܺ, ݂ሺܣሻ ൌ
ሺ݂ିଵሻିଵሺܣሻ is ܨ-closed in ܻ. 
Now we will give an example, which shows the relationship between vectorial equivalence and 
vector homeomorphism ∎ 
Example 2.2.7 
Let ݀ଵand ݀ଶ be two ሺܧ, ܨሻ-equivalent vector metrics on ܺ. Then the vector metric spaces 
ሺܺ, ݀ଵ, ܧሻ and ሺܺ, ݀ଶ, ܨሻ are vector homeomorphic under the identity mapping since let      
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݂: ܺ ⟶ ܺ be the identity function defined by ݂ሺݔሻ ൌ ݔ, then its clearly that ݂ is one-to-one 
vectorially continuous (since if ሺݔ௡ሻ is a sequence in ܺ such that ݔ௡ ௗభ,ாሱۛሮ ݔ then  
  ݂ሺݔ௡ሻ ൌ ݔ௡ ௗమ,ிሱۛሮ ݔ ൌ ݂ሺݔሻሻ and has a vectorially continuous inverse in ݂ሺݔሻ                          
(because ݂ିଵሺݔሻ ൌ ݔ and is the same as ݂). 
Lemma 2.2.8 [3] 
 Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be any two vector metric spaces where are vector homeomorphic 
under a function	݂: ܺ ⟶ ܻ, and let ݀ଷሺݔ, ݕሻ ൌ ݀ଶሺ݂ሺݔሻ, ݂ሺݕሻሻ for all ݔ, ݕ ∈ ܺ, then the vector 
metrics	݀ଵ	and ݀ଷ are ሺܧ, ܨሻ-equivalent vector metrics on ܺ. 
Proof: 
 There exist two sides to prove this                                                                                              
⟹ሻ Let ሺݔ௡ሻ be a sequence in ܺ  such that ݔ௡ ௗభ,ாሱۛሮ ݔ, want to show that ݔ௡ ௗయ,ிሱۛሮ ݔ, since f is vector 
homeomorphism, then f is vectorial continuous so there exist a sequence ሺܾ௡ሻ in ܨ such that   
ܾ௡ ↓ 0 and ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ൑ ܾ௡, so ݀ଷሺݔ௡, ݔሻ ൌ ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ൑ ܾ௡. Therefore	ݔ௡ ௗయ,ிሱۛሮ ݔ.                         
⟸ሻ Let  ሺݔ௡ሻ be a sequence in ܺ such that ݔ௡ ௗయ,ிሱۛሮ ݔ, then there exist a sequence ሺܾ௡ሻ in ܨ such 
that ܾ ௡ ↓ 0 and ݀ ଷሺݔ௡, ݔሻ ൑ ܾ௡. Want to show that ݔ௡ ௗభ,ிሱۛሮ ݔ. But ݀ ଷሺݔ௡, ݔሻ ൌ ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ, 
so ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔሻሻ ൑ ܾ௡ and so ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺ ݔሻ.                                                                           
But ݂ିଵ is vectorial continuous, so ݂ିଵሺ݂ሺݔ௡ሻሻ ௗభ,ாሱۛሮ݂ିଵሺ݂ሺ ݔሻሻ implies ݔ௡ ௗభ,ிሱۛሮ ݔ.                        
Therefore,	݀ଵ	and ݀ଷ are ሺܧ, ܨሻ-equivalent vector metrics on ܺ	∎ 
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Chapter Three 
Extension theorems on continuity 
 This chapter focuses on two types of uniformly continuous functions on vector metric space, 
which are topological uniformly continuous function and vectorial uniformly continuous 
function and give the relation between them. In addition, it will focus on extension theorem. 
3.1 Uniformly continuous functions on vector metric spaces 
Theorem 3.1.1 [3] 
Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be vector metric spaces, and let ݂: ܺ → ܻ and ݃: ܺ → ܻ be 
vectorially continuous functions. Then the set ሼݔ ∈ ܺ: ݂ሺݔሻ ൌ ݃ሺݔሻሽ is an ܧ-closed subset of 
ܺ. 
Proof:  
Let ܤ ൌ ሼݔ ∈ ܺ: ݂ሺݔሻ ൌ ݃ሺݔሻሽ and let ሺݔ௡ሻ be a sequence in ܤ such that ݔ௡ ௗభ,ாሱۛሮ ݔ. Want to 
show that ݔ ∈ ܤ. Since ݂ and ݃ are vectorially continuous, there exist sequencesሺܽ௡ሻ and ሺܾ௡ሻ 
such that ܽ௡ ↓ 0 and ܾ௡ ↓ 0 and ݀ଶ൫݂ሺݔ௡ሻ, ݂ሺݔሻ൯ ൑ ܽ௡, ݀ଶ൫݃ሺݔ௡ሻ, ݃ሺݔሻ൯ ൑ ܾ௡ for all ݊. Since 
ݔ௡ ∈ ܤ, ∀݊, so ݂ሺݔ௡ሻ ൌ ݃ሺݔ௡ሻ and therefore ݀ଶ൫݂ሺݔ௡ሻ, ݃ሺݔ௡ሻ൯ ൌ 0.  
Thus,       ݀ଶ൫݂ሺݔሻ, ݃ሺݔሻ൯ ൑ ݀ଶ൫݂ሺݔሻ, ݂ሺݔ௡ሻ൯ ൅ ݀ଶ൫݂ሺݔ௡ሻ, ݃ሺݔ௡ሻ൯ ൅ ݀ଶ൫݃ሺݔ௡ሻ, ݃ሺݔሻ൯ 
                          																				൑ ܽ௡ ൅ ܾ௡ .                                                                                                             
But ܽ௡ ↓ 0 and ܾ௡ ↓ 0, so ሺܽ௡ ൅ ܾ௡ሻ ↓ 0 and so ݀ଶሺ݂ሺݔሻ, ݃ሺݔሻሻ ൌ 0, which means that          
݂ሺݔሻ ൌ ݃ሺݔሻ and this implies ݔ ∈ ܤ. Hence, ܤ is an ܧ-closed subset of ܺ	∎ 
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Corollary 3.1.2 [3] 
Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be vector metric spaces, and let ݂: ܺ → ܻ and  ݃: ܺ → ܻ be 
vectorially continuous functions. If the set ሼݔ ∈ ܺ: ݂ሺݔሻ ൌ ݃ሺݔሻሽ is ܧ-dense in ܺ, then ݂ ൌ ݃. 
Proof: 
 Let	ܤ ൌ ሼݔ ∈ ܺ: ݂ሺݔሻ ൌ ݃ሺݔሻሽ, then by Theorem 3.1.1 ܤ is ܧ-closed and since ܤ is dense in 
ܺ, then ܤ ൌ ܤത ൌ ܺ. So for all ݔ ∈ ܺ, ݂ሺݔሻ ൌ ݃ሺݔሻ, that is  ݂ ൌ ݃	∎ 
Definition 3.1.3  
Let ሺܺ, ݀ଵ, ܧሻ and (ܻ, ݀ଶ, ܨሻ be vector metric spaces.                                                                      
(a) A function ݂: ܺ → ܻ is said to be topological uniformly continuous on ܺ if for every ܾ ൐ 0 
in ܨ	there exist some ܽ in ܧ such that for all x, y ∈ ܺ,	 
݀ଶ൫݂ሺݔሻ, ݂ሺݕሻ൯ ൏ ܾ whenever ݀ଵሺݔ, ݕሻ ൏ ܽ. 
 (b) A function ݂ : ܺ → ܻ is said to be vectorial uniformly continuous on ܺ  if for every ܧ-Cauchy 
sequence (ݔ௡) the sequenceሺ	݂ሺݔ௡ሻሻ is ܨ-Cauchy. 
Theorem 3.1.4 [3] 
Let ሺܺ, ݀ଵ, ܧሻ and (ܻ, ݀ଶ, ܨሻ be vector metric spaces where ܨ is Archimedean. If a function 
݂: ܺ → ܻ is topological uniformly continuous, then ݂ is vectorial uniformly continuous. 
Proof:  
Suppose that ሺݔ௡ሻ is an ܧ-Cauchy sequence. Then there exists a sequence ሺܽ௡ሻ in ܧ such that 
ܽ௡ ↓ 0 and ݀ଵሺݔ௡, ݔ௡ା௣ሻ ൑ ܽ௡ for all ݊ and ݌. Since ݂ is topological uniformly continuous on 
ܺ, then for any ܾ ൐ 0 in ܨ, there exist ܾ௡ ൐ 0 in ܧ such that ݀ଵሺݔ, ݕሻ ൏ ܾ௡ implies 
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݀ଶሺ݂ሺݔሻ, ݂ሺݕሻሻ ൏ ௕௡. Take ܿ௡ ൌ min	ሼܽ௡, ܾ௡ሽ, so ݀ଵሺݔ, ݕሻ ൑ ܿ௡ implies ݀ଶሺ݂ሺݔሻ, ݂ሺݕሻሻ ൏
௕
௡. 
But ܿ௡ ൏ ܽ௡, ∀݊, so ݀ଵሺݔ௡, ݔ௡ା௣ሻ ൑ ܿ௡ ൏ ܽ௡ implies ݀ଶሺ݂ሺݔ௡ሻ, ݂൫ݔ௡ା௣൯ሻ ൏ ሺ1 ݊⁄ ሻܾ. 
However, since ܨ is Archimedean, ሺ1 ݊⁄ ሻܾ ↓ 0, So ሺ݂ሺݔ௡ሻሻ is ܨ-Cauchy∎  
Now, we will give an example a bout vectorial uniformly continuous function  
Example 3.1.5 
(a) Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be two vector metric spaces and the function ݂: ܺ → ܻ be a 
vector isometry, then the function ݂ is vectorial uniformly continuous if ௙ܶ is positive and ߪ-
order continuous.                                                                                                                          
 Proof: 
 Suppose ௙ܶ is positive and ߪ-order continuous. Let ሺݔ௡ሻ be ܧ-Cauchy sequence, then there 
exist a sequence ሺܽ௡ሻ ↓ 0 in ܧ such that ݀ଵሺݔ௡, ݔ௡ା௣ሻ ൑ ܽ௡ for all ݊ and ݌. We want to prove 
that ሺ݂ሺݔ௡ሻሻ is ܨ-Cauchy. Since ݂ is a vector isometry, then ݀ଵሺݔ௡, ݔ௡ା௣ሻ ൑ ܽ௡ implies                         
݀ଶ ቀ݂ሺݔ௡ሻ, ݂൫ݔ௡ା௣൯ቁ ൌ ௙ܶሺ݀ଵ൫ݔ௡, ݔ௡ା௣൯ሻ ൑ ௙ܶሺܽ௡ሻ, say ܾ௡ ൌ ௙ܶሺܽ௡ሻ.                                  
Clearly, ܾ௡ ↓ 0 since ሺܽ௡ሻ ↓ 0 and  ௙ܶ is positive and ߪ-order continuous. So, 
݀ଶ ቀ݂ሺݔ௡ሻ, ݂൫ݔ௡ା௣൯ቁ ൑ ܾ௡ for all ݊ and ݌, which implies that ሺ݂ሺݔ௡ሻሻ is ܨ-Cauchy. 
(b) Let ሺܺ, ݀, ܧሻ be vector metric space. Fix ݕ ∈ ܺ, then the function ௬݂: ܺ → ܧ defined by 
௬݂ሺݔሻ ൌ ݀ሺݔ, ݕሻ for all ݔ ∈ ܺ is vectorial uniformly continuous since let ሺݔ௡ሻ be ܧ-Cauchy 
sequence in ܺ. Want to show that ሺ ௬݂ሺݔ௡ሻሻ is ܧ-Cauchy. Let ݕ௡ ൌ ݕ, then ሺݕ௡ሻ is ܧ-Cauchy. 
So by Theorem 1.2.4 ሺ݀ሺݔ௡, ݕ௡ሻሻ is ܧ-Cauchy, but ሺ݀ሺݔ௡, ݕ௡ሻሻ ൌ ሺ ௬݂ሺݔ௡ሻሻ. So ௬݂ is vectorial 
uniformly continuous. 
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Now we will arise to the main theorem of my thesis 
Theorem 3.1.6 (Extension Theorem), [3] 
Let ܣ be ܧ-dense subset of a vector metric space ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be an ܨ-complete 
vector metric space where ܨ is Archimedean. If ݂: ܣ → ܻ is topological uniformly continuous 
function then ݂ has a unique vectorially continuous extension to ܺ which is also topological 
uniformly continuous. 
Proof: 
 Let ݔ ∈ ܺ. Then there exist a sequence ሺݔ௡ሻ in ܣ such that ݔ௡ ௗభ,ாሱۛሮ ݔ, since ܣ is ܧ-dense subset 
of ܺ. By theorem 1.2.4, ሺݔ௡ሻ is ܧ-Cauchy in ܺ, but ݂ is vectorially uniformly continuous 
function. So ሺ݂ሺݔ௡ሻሻ is ܨ-Cauchy sequence in ܻ. ܻ is ܨ-complete vector metric space, so 
ሺ݂ሺݔ௡ሻሻ is ܨ- convergent, that is ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݕ. Define an extension function ݃: ܺ → ܻ by 
݃ሺݔሻ ൌ ݕ if ݔ ∈ ܺ\ܣ, and ݃ሺݔሻ ൌ ݂ሺݔሻ if ݔ ∈ ܣ. 
Claim: ݃ is well define.                                                                                                                   
Proof of claim: 
 Let ሺݕ௡ሻ be another sequence in ܣ such that ݕ௡ ௗభ,ாሱۛሮ ݔ. As we said, ሺ݂ሺݕ௡ሻሻ is ܨ-Cauchy in ܻ, 
then ݂ሺݕ௡ሻ ௗమ,ிሱۛሮݕଵ. Since ሺ݂ሺݔ௡ሻሻ and ሺ݂ሺݕ௡ሻሻ are ܨ-convergent sequences then ሺ݂ሺݔ௡ሻሻ and 
ሺ݂ሺݕ௡ሻሻ are ܨ- Cauchy. By Theorem 1.2.4, we have ሺ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݕ௡ሻሻ F-Cauchy, so there exist 
ܿ௡ ↓ 0 such that ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݕ௡ሻሻ ൑ ܿ௡. Also, since ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݕ and ݂ሺݕ௡ሻ ௗమ,ிሱۛሮ ݕଵ, then there 
exist ܽ௡ ↓ 0 and ܾ௡ ↓ 0 such that ݀ଶሺ݂ሺݔ௡ሻ, ݕሻ ൑ ܽ௡ and ݀ଶሺ݂ሺݕ௡ሻ, ݕଵሻ ൑ ܾ௡	∀݊. Therefore                             
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  ݀ଶሺݕ, ݕଵሻ ൑ ݀ଶ൫ݕ, ݂ሺݔ௡ሻ൯ ൅ ݀ଶ൫݂ሺݔ௡ሻ, ݂ሺݕ௡ሻ൯ ൅ ݀ଶሺ݂ሺݕ௡ሻ, ݕଵሻ                                           
																			൑ ܽ௡ ൅ ܿ௡ ൅ ܾ௡. but ሺܽ௡ ൅ ܿ௡ ൅ ܾ௡ሻ ↓ 0,                                                                
Thus, ݀ଶሺݕ, ݕଵሻ ൌ 0. Therefore ݕ ൌ ݕଵ. 
Now, want to show that ݃ is topological uniformly continuous function.                                     
Let ܾ ൐ 0 in ܨ, since ݂ is topological uniformly continuous on ܣ, there exist ܽ ൐ 0 in ܧ such 
that ݀ଵሺݔ, ݕሻ ൏ ܽ implies ݀ଶ൫݂ሺݔሻ, ݂ሺݕሻ൯ ൏ ܾ, ∀ݔ, ݕ ∈ ܣ. Now, let ݔ, ݕ ∈ ܺ with          
݀ଵሺݔ, ݕሻ ൏ ܽ. We want to show ݀ଶሺ݃ሺݔሻ, ݃ሺݕሻሻ ൏ ܾ. 
Case I: If ݔ, ݕ ∈ ܣ, then we done.                                                                                                         
Case II: Suppose ݔ, ݕ ∈ ܺ\ܣ, since ܣ is dense, there exist two sequences ሺݔ௡ሻ and ሺݕ௡ሻ in ܣ 
such that ݔ௡ ௗభ,ாሱۛሮ ݔ and ݕ௡ ௗభ,ாሱۛሮ ݕ. So ݀ ଵሺݔ௡, ݕ௡ሻ ௢→ ݀ଵሺݔ, ݕሻ in ܧ. Fix ݊ ଴ such that ݊ ൐ ݊଴ implies 
݀ଵሺݔ௡, ݕ௡ሻ ൏ ܽ, so ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݕ௡ሻሻ ൏ ܾ, ∀݊ ൐ ݊଴. Since ݂ is a vectorial uniformly 
continuous in ܣ, then ሺ݂ሺݔ௡ሻሻ and ሺ݂ሺݕ௡ሻሻ are ܨ-Cauchy. But ܻ is ܨ-complete. So there exist 
ݑ and ݒ ∈ ܻ such that ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݑ and ݂ሺݕ௡ሻ ௗమ,ிሱۛሮ ݒ. By definition of ݃, ݃ሺݔሻ ൌ ݑ and ݃ሺݕሻ ൌ
ݒ. Then, ݀ଶ൫݃ሺݔ௡ሻ, ݃ሺݕ௡ሻ൯ ௢→ ݀ଶ൫݃ሺݔሻ, ݃ሺݕሻ൯ ൌ ݀ଶሺݑ, ݒሻ ൏ ܾ. 
Now, want to prove that extension function is unique.                                                                     
Let ݃ and h are two extension functions of f. Want ݃ሺݔሻ ൌ ݄ሺݔሻ, ∀ݔ ∈ ܺ.                                     
Case I: Let ݔ ∈ ܣ, then ݃ሺݔሻ ൌ ݂ሺݔሻ ൌ ݄ሺݔሻ.   
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Case II: Let ݔ ∈ ܺ\ܣ, then there exist a sequence ሺݔ௡ሻ in ܣ such that ݔ௡ ௗభ,ாሱۛሮݔ. Since ݃ and ݄ 
are vectorial continuous function, then ݃ሺݔ௡ሻ ௗమ,ிሱۛሮ ݃ሺݔሻ and ݄ሺݔ௡ሻ ௗమ,ிሱۛሮ ݄ሺݔሻ, but                         
݃ሺݔ௡ሻ ൌ ݂ሺݔ௡ሻ ൌ ݄ሺݔ௡ሻ. So ݃ሺݔሻ ൌ ݄ሺݔሻ	∎  
Theorem 3.1.7 
Let ܣ be ܧ-dense subset of a vector metric space ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be an ܨ-complete 
vector metric space where ܨ is Archimedean. If ݂: ܣ → ܻ is vectorially uniformly continuous 
function then ݂ has a unique vectorially continuous extension to ܺ.  
Proof:  
The definition of the extension function, the well-defined and the uniqueness of this function 
as in Theorem 3.1.6 . To show that ݂ is vectorially continuous function, let ሺݔ௡ሻ be a sequence 
in ܺ such that ݔ௡ ௗభ,ாሱۛሮ ݔ, since ܣ is ܧ-dense subset of ܺ, there exist sequences ሺݔ௡௠ሻ and ሺݔ଴௠ሻ 
in ܣ such that ݔ௡௠ ௗభ,ாሱۛሮ ݔ௡ and   ݔ଴௠ ௗభ,ாሱۛሮ ݔ. Hence, there exist ݐ௠ ↓ 0,ݓ௡ ↓ 0 and ݖ௠ ↓ 0 such 
that ݀ଵሺݔ௡௠, ݔ௡ሻ ൑ ݐ௠, ݀ଵሺݔ௡, ݔሻ ൑ ݓ௡ and ݀ଵሺݔ, ݔ଴௠ሻ ൑ ݖ௠. Now, let ݉ ൒ ݊, then ݐ௠ ൑ ݐ௡ 
and ݖ௠ ൑ ݖ௡ so  
 ݀ଵሺݔ௡௠, ݔ଴௠ሻ ൑ ݀ଵሺݔ௡௠, ݔ௡ሻ ൅ ݀ଵሺݔ௡, ݔሻ ൅ ݀ଵሺݔ, ݔ଴௠ሻ 
																																					൑ ݐ௠ ൅ ݓ௡ ൅ ݖ௠ ൑ ݐ௡ ൅ ݓ௡ ൅ ݖ௡, let ݀௡ ൌ ݐ௡ ൅ ݓ௡ ൅ ݖ௡, then ݀௡ ↓ 0 
and ݔ௡௠ ௗభ,ாሱۛሮ ݔ଴௠. 
Therefore ݂ሺݔ௡௠ሻ ௗమ,ிሱۛሮ ݂ሺݔ଴௠ሻ, ݂ሺݔ௡௠ሻ ௗమ,ிሱۛሮ ݃ሺݔ௡ሻ and   ݂ሺݔ଴௠ሻ ௗమ,ிሱۛሮ ݃ሺݔሻ, so there exist ݄௠ ↓
0, ݆௡ ↓ 0 and ݇௠ ↓ 0 such that  ݀ଶ൫݂ሺݔ௡௠ሻ, ݂ሺݔ଴௠ሻ൯ ൑ ݆௡, ݀ଶ൫݂ሺݔ଴௠ሻ, ݃ሺݔሻ൯ ൑ ݇௠ and 
݀ଶሺ݃ሺݔ௡ሻ, ݂ሺݔ௡௠ሻሻ ൑ ݄௠.  
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Now, let ݉ ൒ ݊, then ݇௠ ൑ ݇௡ and ݄௠ ൑ ݄௡, so                                                                 
 ݀ଶ൫݃ሺݔ௡ሻ, ݃ሺݔሻ൯ ൑ ݀ଶ൫݃ሺݔ௡ሻ, ݂ሺݔ௡௠ሻ൯ ൅ ݀ଶ൫݂ሺݔ௡௠ሻ, ݂ሺݔ଴௠ሻ൯ ൅ ݀ଶ൫݂ሺݔ଴௠ሻ, ݃ሺݔሻ൯ 
																																൑ ݄௠ ൅ ݆௡ ൅ ݇௠ ൑ ݄௡ ൅ ݆௡ ൅ ݇௡,	let ݈௡ ൌ ݄௡ ൅ ݆௡ ൅ ݇௡, then ݈௡ ↓ 0.                                     
Therefore, ݀ଶ൫݃ሺݔ௡ሻ, ݃ሺݔሻ൯ ൑ ݈௡ and so ݃ is vectorial continuous extension ∎       
3.2 Uniformly Convergent in Vector metric spaces 
This section focuses on uniformly ܨ-convergent, vectorial bounded function, the uniform limit 
theorem and many concepts and relations in vector metric space 
Definition 3.2.1 
Let ܺ be any nonempty set and let ሺܻ, ݀ଶ, ܨሻ be a vector metric space. Then a sequence ሺ ௡݂ሻ of 
functions from ܺ to ܻ is said to be uniformly ܨ-convergent to a function	݂: ܺ → ܻ, if there 
exists a sequence ሺܽ௡ሻ in ܨ such that ܽ௡ ↓ 0 and ݀ଶሺ ௡݂ሺݔሻ, ݂ሺݔሻሻ ൑ ܽ௡ holds for all ݔ ∈ ܺ 
and	݊ ∈ ܰ. 
Now, we will give an example 
Example 3.2.2 
(a) Let ܺ ൌ ሾ0,1ሿ, ܻ ൌ ܴଶand ݀ଶሺݔ, ݕሻ ൌ ሺ|ݔଵ െ ݕଵ|, |ݔଶ െ ݕଶ|ሻ. Define                             
௡݂ሺݔሻ ൌ ቀݔ ൅ ଵ௡మ ,
௫
௡యቁ, 
then ௡݂ is uniformly ܨ-convergent to ݂ሺݔሻ ൌ ሺݔ, 0ሻ  
since  
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݀ଶ൫ ௡݂ሺݔሻ, ݂ሺݔሻ൯ ൌ ൬ฬݔ ൅ 1݊ଶ െ ݔฬ , ቚ
ݔ
݊ଷ െ 0ቚ൰ 
                           																																														ൌ ሺቚ ଵ௡మቚ , ቚ
௫
௡యቚሻ                                                                                       
take ܽ௡ ൌ ሺ ଵ௡మ ,
ଵ
௡యሻ, then ܽ௡ ↓ 0 and 
݀ଶ൫ ௡݂ሺݔሻ, ݂ሺݔሻ൯ ൌ ሺቚ ଵ௡మቚ , ቚ
௫
௡యቚሻ ൑ ሺ
ଵ
௡మ ,
ଵ
௡యሻ. 
(b) Let ܺ ൌ ܴ, ܻ ൌ ܴଶand ݀ଶሺݔ, ݕሻ ൌ ሺ|ݔଵ െ ݕଵ|, |ݔଶ െ ݕଶ|ሻ. Define ௡݂ሺݔሻ ൌ ሺݔ ൅ ଵ௡ , ݔ െ
ଵ
௡మሻ, 
then ௡݂ is uniformly ܨ-convergent to ݂ሺݔሻ ൌ ሺݔ, ݔሻ since,                         
݀ଶ൫ ௡݂ሺݔሻ, ݂ሺݔሻ൯ ൌ ሺቚݔ ൅ ଵ௡ െ ݔቚ , ቚݔ െ
ଵ
௡మ െ ݔቚሻ 
                           ൌ ሺଵ௡ ,
ଵ
௡మሻ                                                                                                                     
take ܽ௡ ൌ ሺଵ௡ ,
ଵ
௡మሻ, then ܽ௡ ↓ 0 and  ݀ଶ൫ ௡݂ሺݔሻ, ݂ሺݔሻ൯ ൌ ሺ
ଵ
௡ ,
ଵ
௡మሻ. 
 In addition, ௡݂	 in example 3.2.2 is ܨ-convergent to ݂ since every uniformly ܨ-convergent is        
ܨ-convergent.                                                                                                                                                       
Now, we will give the main result of this chapter 
Theorem 3.2.3 (Uniform Limit Theorem), [3] 
Let ሺ ௡݂ሻ be a sequence of vectorially continuous functions between two vector metric spaces 
ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ. If ሺ ௡݂ሻ is uniformly ܨ-convergent to ݂, then the function ݂ is 
vectorially continuous function. 
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Proof: 
 Let ሺݔ௡ሻ be a sequence in ܺ such that ݔ௡ ௗభ,ாሱۛሮ ݔ. Want to show that ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ. Since ሺ ௡݂ሻ 
is uniformly ܨ-convergent to ݂, there is a sequence ሺܽ௡ሻ in ܨ such that ܽ௡ ↓ 0 and 
݀ଶ൫ ௡݂ሺݔሻ, ݂ሺݔሻ൯ ൑ ܽ௡ for all ݊ ∈ Գ and ∀ݔ ∈ ܺ. For each ݇ ∈ Գ there is a sequence ሺܾ௡ሻ in ܨ 
such that     ܾ௡ ↓ 0 and ݀ଶ൫ ௞݂ሺݔ௡ሻ, ௞݂ሺݔሻ൯ ൑ ܾ௡ for all ݊ ∈ Գ by the vectorial continuity of	 ௞݂. 
For ݇ ൌ ݊ we get,  
݀ଶ൫݂ሺݔ௡ሻ, ݂ሺݔሻ൯ ൑ ݀ଶ൫݂ሺݔ௡ሻ, ௡݂ሺݔ௡ሻ൯ ൅ ݀ଶ൫݂ሺݔሻ, ௡݂ሺݔሻ൯ ൅ ݀ଶ൫ ௡݂ሺݔ௡ሻ, ௡݂ሺݔሻ൯ 
																																														൑ 2ܽ௡ ൅ ܾ௡,  
let ܿ௡ ൌ 2ܽ௡ ൅ ܾ௡ , then ܿ௡ ↓ 0 and ݀ଶ൫݂ሺݔ௡ሻ, ݂ሺݔሻ൯ ൑ ܿ௡. So	݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ.  
Therefore ݂ is vectorially continuous function ∎       
Let ܣ be a nonempty subset of a vector metric space	ሺܺ, ݀, ܧሻ. ܧ-diameter of ܣ denoted 
by	݀ሺܣሻ, is defined by ݏݑ݌ሼ݀ሺݔ, ݕሻ: ݔ, ݕ ∈ ܣሽ if  ݏݑ݌ሼ݀ሺݔ, ݕሻ: ݔ, ݕ ∈ ܣሽ exist in ܧ.  
Theorem 3.2.4  
Let ሺ ௡݂ሻ be a sequence of vectorially uniformly continuous functions between two vector metric 
spaces ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ. If ሺ ௡݂ሻ is uniformly ܨ-convergent to ݂, then the function ݂ is 
vectorially uniformly continuous function 
Proof: 
 Let ሺݔ௡ሻ be an ܧ-Cauchy sequence in ܺ. Want to show that ሺ݂ሺݔ௡ሻሻ is ܨ-Cauchy. For all   ݇ ∈
ܰ, ௞݂ is vectorial uniformly continuous function, then ሺ ௞݂ሺݔ௡ሻሻ is ܨ-Cauchy. So there exist 
ܽ௞௡ ↓ 0 such that ݀ଶሺ ௞݂ሺݔ௡ሻ, ௞݂ሺݔ௡ା௣ሻሻ ൑ ܽ௞௡	∀݊, ݌. Since ሺ ௞݂ሻ is uniformly ܨ-convergent to 
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݂, there exist ܾ௞ ↓ 0 such that ݀ଶሺ ௞݂ሺݔሻ, ݂ሺݔሻሻ ൑ ܾ௞. Then ݀ଶሺ݂ሺݔ௡ሻ, ݂ሺݔ௡ା௣ሻሻ ൑
݀ଶሺ݂ሺݔ௡ሻ, ௞݂ሺݔ௡ሻሻ ൅ ݀ଶሺ ௞݂ሺݔ௡ሻ, ௞݂ሺݔ௡ା௣ሻሻ ൅ ݀ଶሺ ௞݂ሺݔ௡ା௣ሻ, ݂ሺݔ௡ା௣ሻሻ ൏ ܾ௞ ൅ ܽ௞௡ ൅ ܾ௞ ൌ
ܽ௞௡ ൅ 2ܾ௞ and ሺܽ௞௡ ൅ 2ܾ௞ሻ ↓ 0.                                 
So, ሺ݂ሺݔ௡ሻሻ is ܨ-Cauchy sequence and so ݂ is vectorially uniformly continuous function ∎  
Theorem 3.2.5  
Let ሺ ௡݂ሻ be a sequence of topological continuous functions between two vector metric spaces 
ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ. If ሺ ௡݂ሻ is uniformly ܨ-convergent to ݂, then the function ݂ is 
topological continuous function. 
Proof:  
Let ܾ ൐ 0, since ௞݂ is topological continuous, there exist ܽ௞ ൐ 0 such that ݀ଵሺݔ, ݕሻ ൏ ܽ௞ 
implies ݀ଶ൫ ௞݂ሺݔሻ, ௞݂ሺݕሻ൯ ൏ ܾ. Take ܽ ൌ infሼܽ௞: ݇ ∈ ܰሽ, then ݀ଵሺݔ, ݕሻ ൏ ܽ implies 
݀ଶ൫݂ሺݔሻ, ݂ሺݕሻ൯ ൑ ݀ଶ൫݂ሺݔሻ, ௞݂ሺݔሻ൯ ൅ ݀ଶ൫ ௞݂ሺݔሻ, ௞݂ሺݕሻ൯ ൅ ݀ଶ൫ ௞݂ሺݕሻ, ݂ሺݕሻ൯ 
																														൏ ܽ௡ ൅ ܾ ൅ ܽ௡ ൌ 2ܽ௡ ൅ ܾ.                                                                                  
As ݊ → ∞, ݀ଶ൫݂ሺݔሻ, ݂ሺݕሻ൯ ൑ ܾ. Therefore ݂ is topological continuous function ∎ 
Theorem 3.2.6 [3] 
Let ܣ be a nonempty subset of a vector metric space	ሺܺ, ݀, ܧሻ. If ܧ is Dedekind complete, then 
every ܧ-bounded subset of ܺ has an ܧ-diameter.  
Proof: 
 Let ܣ be ܧ-bounded subset of ܺ, then there exist an element ܽ ൐ 0 such that 
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݀ሺݔ, ݕሻ ൑ ܽ, ∀ݔ, ݕ ∈ ܣ.  If we take a supremum for both sides we get                       
ݏݑ݌ሼ݀ሺݔ, ݕሻ: ݔ, ݕ ∈ ܺሽ ൑ ݏݑ݌ሼܽሽ ൌ ܽ. Therefore, it has a supremum and ݀ሺܣሻ ൑ ܽ ∎ 
Definition 3.2.7 
A function ݂: ܺ → ܻ between two vector metric spaces ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ is called 
vectorial bounded if ݂ maps ܧ-bounded subsets of ܺ to ܨ-bounded subsets of	ܻ. 
Theorem 3.2.8 [3] 
A function ݂: ܺ → ܻ between two vector metric spaces ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ is vectorial 
bounded if there exists a positive operator ܶ: ܧ → ܨ such that ݀ଶሺ݂ሺݔሻ, ݂ሺݕሻሻ ൑ ܶሺ݀ଵሺݔ, ݕሻሻ 
for all ݔ, ݕ ∈ ܺ. 
Proof: 
 Suppose there exists a positive operator ܶ: ܧ → ܨ such that ݀ଶሺ݂ሺݔሻ, ݂ሺݕሻሻ ൑ ܶሺ݀ଵሺݔ, ݕሻሻ for 
all ݔ, ݕ ∈ ܺ hold. Let ܣ be ܧ-bounded subset of ܺ, then there exist an element ܽ such that 
݀ଵሺݔ, ݕሻ ൑ ܽ, ∀ݔ, ݕ ∈ ܺ, want to show that ݂ሺܣሻ is ܨ-bounded. Let ݕଵ, ݕଶ ∈ ݂ሺܣሻ,                   
take ܾ ൌ ܶሺܽሻ, then ∃	ݔଵ,ݔଶ ∈ ܣ such that  ݕଵ ൌ ݂ሺݔଵሻ and ݕଶ ൌ ݂ሺݔଶሻ and                 
݀ଶሺݕଵ, ݕଶሻ ൌ ݀ଶ൫݂ሺݔଵሻ, ݂ሺݔଶሻ൯ ൑ ܶ൫݀ଵሺݔଵ, ݔଶሻ൯ ൑ ܶሺܽሻ ൌ ܾ	∎                                                 
Therefore ݂ሺܣሻ is ܨ- bounded.  
Let ܥ௩ሺܺ, ܨሻ and ܥ௧ሺܺ, ܨሻ be the collection of all vectorially continuous and topologically 
continuous functions between a vector metric space ሺܺ, ݀, ܧሻ and a Riesz space ܨ, respectively. 
By theorem 1.3.2  ܥ௧ሺܺ, ܨሻ ⊆ ܥ௩ሺܺ, ܨሻ whenever ܨ is Archimedean.  
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Lemma 3.2.9 
Let ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be two vector metric spaces, then ܥ௩ሺܺ, ܨሻ and ܥ௧ሺܺ, ܨሻ are closed 
under addition and scalar multiplication. 
Proof: 
 Let ݂ and ݃ be a function in ܥ௩ሺܺ, ܨሻ and ߣ be a scalar. Want to show that ݂ ൅ ݃ and ߣ݂ are 
vectorial continuous functions. Let ሺݔ௡ሻ be a sequence in ܺ such that ݔ௡ ௗభ,ாሱۛሮ ݔ.  
Since ݂, ݃ ∈ ܥ௩ሺܺ, ܨሻ, then ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ and ݃ሺݔ௡ሻ ௗమ,ிሱۛሮ ݃ሺݔሻ.  
So                                                                                                               
ሺ݂ ൅ ݃ሻሺݔ௡ሻ ൌ ݂ሺݔ௡ሻ ൅ ݃ሺݔ௡ሻ ௗమ,ிሱۛሮ ݂ሺݔሻ ൅ ݃ሺݔሻ ൌ ሺ݂ ൅ ݃ሻሺݔሻ 
and                                  
ሺߣ݂ሻሺݔ௡ሻ ൌ ߣ݂ሺݔ௡ሻ ௗమ,ிሱۛሮ ߣ݂ሺݔሻ ൌ ሺߣ݂ሻሺݔሻ. 
So ݂ ൅ ݃ and ߣ݂ are vectorial continuous functions (that means ݂ ൅ ݃,ߣ݂ ∈ ܥ௩ሺܺ, ܨሻ).    
Therefore ܥ௩ሺܺ, ܨሻ is closed under addition and scalar multiplication 
Let ݂ and ݃ be a function in ܥ௧ሺܺ, ܨሻ and ߣ be a scalar. Want to show that ݂ ൅ ݃ and ߣ݂ are 
topological continuous functions. Let ܽ , ܾ, ܿ ∈ ܧ such that ܾ , ܿ ൐ 0 and ݀ ଵሺݔ, ݕሻ ൏ ܽ, then since 
݂, ݃ ∈ ܥ௧ሺܺ, ܨሻ, then ݀ଶሺ݂ሺݔሻ, ݂ሺݕሻሻ ൏ ܾ and ݀ଶ൫݃ሺݔሻ, ݃ሺݕሻ൯ ൏ ܿ for all ݔ, ݕ ∈ ܺ. So                         
݀ଶ൫ሺ݂ ൅ ݃ሻሺݔሻ, ሺ݂ ൅ ݃ሻሺݕሻ൯ ൌ ݀ଶ൫݂ሺݔሻ ൅ ݃ሺݔሻ, ݂ሺݕሻ ൅ ݃ሺݕሻ൯ 
                                               ൑ ݀ଶ൫݂ሺݔሻ, ݂ሺݕሻ൯ ൅ ݀ଶ൫݃ሺݔሻ, ݃ሺݕሻ൯ 
                                               ൏ ܾ ൅ ܿ.                                                                                                
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Let ܾ ൅ ܿ ൌ ݀, then ݀ଶ൫ሺ݂ ൅ ݃ሻሺݔሻ, ሺ݂ ൅ ݃ሻሺݕሻ൯ ൏ ݀ and 
݀ଶ൫ሺߣ݂ሻሺݔሻ, ሺߣ݂ሻሺݕሻ൯ ൌ ݀ଶ൫ߣ݂ሺݔሻ, ߣ݂ሺݕሻ൯ 	൑ ݀ଶሺ݂ሺݔሻ, ݂ሺݕሻሻ ൏ ܾ. 
So ݂ ൅ ݃ and ߣ݂ are topological continuous functions (that means	݂ ൅ ݃,ߣ݂ ∈ ܥ௧ሺܺ, ܨሻ). 
Therefore ܥ௧ሺܺ, ܨሻ is closed under addition and scalar multiplication	∎ 
Theorem 3.2.10  [3] 
 The spaces ܥ௩ሺܺ, ܨሻ and ܥ௧ሺܺ, ܨሻ are Riesz spaces with the natural partial ordering defined by 
݂ ൑ ݃ whenever ݂ሺݔሻ ൑ ݃ሺݔሻ for all ݔ ∈ ܺ.  
Proof : 
 Let ݂, ݃, ݄ ∈ ܥ௩ሺܺ, ܨሻ and ݂ ൑ ݃, then 
(1) ሺ݂ ൅ ݄ሻሺݔሻ ൌ ݂ሺݔሻ ൅ ݄ሺݔሻ ൑ ݃ሺݔሻ ൅ ݄ሺݔሻ ൌ ሺ݃ ൅ ݄ሻሺݔሻ  
∴ ݂ ൅ ݄ ൑ ݃ ൅ ݄ 
(2) Let ߣ ൒ 0, ߣ݂ሺݔሻ ൌ ߣ൫݂ሺݔሻ൯ ൑ ߣ൫݃ሺݔሻ൯ ൌ ߣ݃ሺݔሻ 
∴ 	ߣ݂ ൑ ߣ݃.                                                                                                                                                   
From (1) and (2), ܥ௩ሺܺ, ܨሻ is an ordered vector space and the supremum exist inside this space. 
So, ܥ௩ሺܺ, ܨሻ is Riesz space. Similarly, ܥ௧ሺܺ, ܨሻ is Riesz space ∎ 
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Conclusion 
In this thesis, I studied the relationships between topological continuity and vectorial 
continuity.” Cüneyt Çevik” has concluded that: every topological continuous function is a 
victorial continuous function. In addition, he proved that every topological uniformly 
continuous function is  vectorial uniformly continuous function. He also studied extension 
theorem and the uniform limit theorem. 
After deep study for the above, I managed to prove the following: 
Let ܣ be ܧ-dense subset of a vector metric space ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ be an ܨ-complete 
vector metric space where ܨ is Archimedean. If ݂: ܣ → ܻ is vectorially uniformly continuous 
function then ݂ has a unique vectorially continuous extension to ܺ. 
Let ሺ ௡݂ሻ be a sequence of vectorially uniformly continuous functions between two vector metric 
spaces ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ. If ሺ ௡݂ሻ is uniformly ܨ-convergent to ݂, then the function ݂ is 
vectorially uniformly continuous function 
 Let ሺ ௡݂ሻ be a sequence of topological continuous functions between two vector metric spaces 
ሺܺ, ݀ଵ, ܧሻ and ሺܻ, ݀ଶ, ܨሻ. If ሺ ௡݂ሻ is uniformly ܨ-convergent to ݂, then the function ݂ is 
topological continuous function. 
Finally, I conjecture the vice versa of these results are not true but that will need further study 
from other researchers. 
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 أ
  ﻗﺘﺮاﻧﺎت ﻣﺘﺠﮭﺎت اﻟﻔﻀﺎءات اﻟﻤﺘﺮﯾﺔﻻﺗﺼﺎل ﻣﺎ ﺑﯿﻦ اا
  يﻄﺎﻟﺒﺔ : ﺗﮭﺎﻧﻲ ﺻﺒﺤﻲ ﺟﺒﺮﯾﻞ اﻟﻘﺎدراﺳﻢ اﻟ
  ﺷﺮاف : د. إﺑﺮاھﯿﻢ اﻟﻐﺮوزا
  ﻣﻠﺨﺺ
 ﻧﻮﻋﺎن ﻣﻦ اﻻﺗﺼﺎل ) اﻟﻔﯿﻜﺘﻮ﷼ واﻟﺘﯿﺒﻮﻟﻮﺟﯿﻜﺎل( وﺗﻮﺻﻞ ﺑﻨﺎًء ﻋﻠﻰ ذﻟﻚ إﻟﻰ اﻟﻌﺪﯾﺪ ﺳﯿﻔﯿﻚ، درس اﻟﺒﺎﺣﺚ ﻛﯿﻮﻧﯿﺖ 4102ﻋﺎم 
  "ﻧﻈﺮﯾﺔ اﻟﺘﻤﺪد" و " ﻧﻈﺮﯾﺔ اﻟﻨﮭﺎﯾﺔ اﻟﻤﻨﺘﻈﻤﺔ". اﻟﻤﮭﻤﺔ ﻓﻲ اﻟﻔﻀﺎءات اﻟﻤﺘﺮﯾﺔ وﻣﻦ ھﺬه اﻟﻌﻼﻗﺎتﻣﻦ اﻟﻌﻼﻗﺎت واﻟﻨﻈﺮﯾﺎت 
 ﻣن اﻟﻌدﯾد ﻟﻰإ ﺗوﺻﻠت ﺣﺗﻰ ﺳﯾﻔﯾك ﻛﯾوﻧﯾت اﻟﺑﺎﺣث إﻟﯾﮫ ﺗوﺻل ﻣﺎ ﻋﻠﻰ وﺑﺗطوﯾر ﺑدراﺳﺔ ﻗﻣت اﻟرﺳﺎﻟﺔ، ﻟﮭذه ﻛﺗﺎﺑﺗﻲ ﺧﻼل
ﻓﻲ اﻟﺣﻘﯾﻘﺔ اﻧﻧﻲ اﺛﺑﺗت ان ﻧظرﯾﺔ اﻟﺗوﺳﻊ ﺻﺣﯾﺣﺔ ﻓﻲ ﺣﺎﻟﺔ ﻛون اﻻﻗﺗران اﻗﺗراﻧﺎ ﻓﺿﺎﺋﯾﺎ ﻣﺗﺻﻼ وﻣﻧﺗظم ﺑدﻻ ﻣن  .اﻟﻌﻼﻗﺎت
ﻟﻧﮭﺎﯾﺔ أﯾﺿﺎ اﺳﺗطﻌت ان اﺛﺑت ﻧظرﯾﺔ ا ،ﺑﺣﺛﮫﻓﻲ  وﻣﻧﺗظم ﻛﻣﺎ اﺛﺑت اﻟﻌﺎﻟم ﻛﯾوﻧت ﺳﯾﻔﯾكوﻣﺗﺻﻼ  طوﺑوﻟوﺟﻲﻛوﻧﺔ اﻗﺗراﻧﺎ 
 .لاﻟﻣﺗﺻ اﻟطوﺑوﻟوﺟﻲاﻟﻧظرﯾﺔ ﻓﻲ ﺣﺎﻟﺔ اﻻﻗﺗران  اﺛﺑﺗﻧﺎ ھذهوﻛذﻟك ، ﻓﻲ ﺣﺎﻟﺔ اﻻﻗﺗران اﻟﻔﺿﺎﺋﻲ اﻟﻣﺗﺻلاﻟﻣﻧﺗظﻣﺔ 
